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Abstract. We use Chern-Weil theory for Hermitian holomorphic vec- 
tor bundles with canonical connections for explicit computation of the 
Chern forms for trivial bundles with special non-diagonal Hermitian 
metrics. We prove that every 99-exact real form of the type {k, k) on an 
n-dimensional complex manifold X arises as a difference of the Chern 
character forms on trivial Hermitian vector bundles with canonical con- 
nections, and that modulo \md -\- Imd every real form of type {k,k), 
k < n, arises as a Bott-Chern form for two Hermitian metrics on some 
trivial vector bundle over X. The latter result is a complex manifold 
analogue of Proposition 2.6 in the paper [SSIO] by J. Simons and D. 
Sullivan. 



1. Introduction 

In [SSIO] J. Simons and D. Sullivan have constructed a simple geomet- 
ric model for differential ii'-theory (see [HS05] and [BSIO] for review). The 
model uses a codification of complex vector bundles with connection over a 
smooth manifold, by introducing the notion of a structured vector bundle — 
a pair {V, {V}) consisting of a complex vector bundle V over a smooth mani- 
fold X and the equivalence class of a connection V. Two connections V*^ and 
are said to be equivalent if the corresponding Chern-Simons differential 
form is exact. The main technical innovation in [SSIO] was Proposition 2.6 
which states that all odd forms on X, modulo some natural relations, arise 
as the Chern-Simons forms between the trivial connection and an arbitrary 
connection on trivial bundles over X. It allows one to prove that differential 
i^-theory has a natural analogue of the celebrated Character Diagram for 
the ring of Cheeger-Simons differential characters (see [SS08a] and [CS85]). 

For Hermitian holomorphic vector bundles — holomorphic vector bundles 
over the complex manifold X with Hermitian metrics — analogues of the 
Chern-Simons forms are the Bott-Chern forms, which were introduced in 
[BC65] earlier than the Chern-Simons forms in [CS74]. The corresponding 
differential K-theory was defined by H. Gillet and C. Soule in [GS86]. 

In this paper we use Chern-Weil theory for Hermitian holomorphic vector 
bundles with canonical connections for explicit computation of the Chern 
forms for trivial bundles with special non-diagonal Hermitian metrics. This 
can be considered as the first step for the problem of explicitly computing 
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Chern forms of Hermitian holomorphic vector bundles, which we plan to 
address in the forthcoming paper. Here our goal is to obtain the analogue of 
Proposition 2.6 in [SSIO] for complex manifolds. Namely, we prove that all 
real forms of type {k,k) on an n-dimensional complex manifold X, k < n, 
modulo Imd + Imd, arise as Bott-Chern forms for Hermitian metrics on 
trivial vector bundles over X. As in the smooth manifold case, we deduce 
this statement from the result about Chern character forms which says that 
every dd-exact real form of type (k, k) on a complex manifold X arises as a 
difference of the Chern character forms on trivial Hermitian vector bundles. 
Our proof is based on several explicit computations of Chern forms for trivial 
vector bundles which may have interesting applications on their own. 

Here is the more detailed content of the paper. In Section 2 for the con- 
venience of the reader, we give a brief review of [SSIO]. Namely, we use 
the definition of the Chern-Simons forms inspired by the approach of H. 
Gillet and C. Soule for the complex manifold case [GS86], and deduce a 
somewhat stronger analogue of Proposition 2.6 in [SSIO] — Corollary 2.2 

— from Proposition 2.1. The latter states that for every exact even form uj 
on a smooth manifold X there is a trivial vector bundle V over X with a 
connection V such that 

di{V, V) - di{V, d) = UJ, 

where d stands for the trivial connection on V. Another small technical 
innovation is a different proof of Theorem 1.15 in [SSIO] — Corollary 2.3 
in the present paper — which does not appeal to the existence of universal 
connections. 

In Section 3 we prove the main result. Theorem 3.2, which states that for 
every dd-exact real form co of type {k, k) on a general complex manifold X 
there is a trivial vector bundle E over X with two Hermitian metrics hi and 
/i2 such that 

ch{E,hi) - ch{E,h2) = w. 

The proof in the general case is based on Lemma 3.3 where we explicitly 
compute the Chern form of a trivial vector bundle over X of arbitrary rank 
with a special non-diagonal Hermitian metric, and on Lemma 3.4 where 
we express real forms of type {k, k) as finite linear combinations of wedge 
products of real (1, l)-forms of special type. We believe that these lemmas 
may have interesting applications on their own. When X is compact or is a 
submanifold of C", we give another proof of Theorem 3.2 based on Lemma 
3.5. We deduce the complex manifold analogue of Proposition 2.6 in [SSIO] 

— Corollary 3.3 — by using the Gillet-Soule definition of the Bott-Chern 
forms [GS86]. Finally, we discuss how using Corollary 3.3 one can get rid 
of the differential form in the complex manifold version of differential K- 
theory [GS86]. However, developing differential X-theory for the complex 
manifolds in the spirit of [SSIO] is an open and difficult problem since, in 
general, 'inverses' for the holomorphic bundles do not exist. 
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2. Complex vector bundles over a smooth manifold 

2.1. Chern-Simons secondary forms. Let X be a smooth n-dimensional 
manifold X, let 

n 

A{X) = A\X, C) = A^^'^'^iX) e A°'^'^{X) 

k=l 

be the graded commutative algebra of smooth complex differential forms on 
X, and let V he a C°°-complex vector bundle over X with a connection V. 
Recall that the Chern character form ch.{V, V) for the pair (V, V) is defined 
by 

ch{V,V) = TVexp (^^^ V^^ G 

Here is the curvature of the connection V — an Endl^-valued 2-form 
on X — and Tr is the trace in the endomorphism bundle EndV. The 
Chern character form is closed, dch(y, V) = 0, and its cohomology class 
in H*{X,C) does not depend on the choice of V. 

Let and V"*^ be two connections on V. In [CS74], S.S. Chern and 
J. Simons introduced secondary characteristic forms — the Chern-Simons 
forms. Namely, the Chern-Simons form cs(V^, V*^) € A"'^'^{X) defined mod- 
ulo A^^'^^{X), satisfies the equation 

(2.1) dcs(V\V°) = ch(T/,V^) -ch(T/,V°), 

and enjoys a functoriality property under the pullbacks with smooth maps. 

Here we present a construction of the Chern-Simons form cs(V^,V*'), 
which is similar to the construction of Bott-Chern forms for holomorphic 
vector bundles, given by H. Gillet and C. Soule in [GS86]. Namely, for a 
given V put V = it*{V), where vr : X x S*^ i— )■ X is a projection, and 
51 = {e*^,0 <e<2Tr}. Explicitly, V is a bundle over X x whose fibre 
at every point (x, ^) G X x 5"^ is Cg" C ~ Vx- For every 6 define the map 
ig : X X X hy ie{x) = {x, e*^), and let V be a connection on V such 
that 

zS(V) = VO, C(v) = vi. 

Denote hy g a, function defined by 




if < 6* < vr, 

1 if vr < 6* < 27r 
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and extended 27r-periodically to M. It defines a function y : 5^ i— )• M, which 
is discontinuous at and vr. 

Definition. The Chern-Simons form is defined as 

(2.2) cs(V\ V°) = TT,{g{9)di{V, V)) = / g{e)ch{V , V) G A°-'''{X) 

— direct image of g{d)c\i{V , V) under the projection vr : X x i— )• X 
(integration over the fibres of vr). 

Remark 2.1. Connection V is trivial to construct. If in local coordinates 
V = + ^*(^)> where dx is deRham differential on X and i = 0, 1, then 

V = dx + d0 + A{x,e), 

where A{x,9) is 27r-periodic and A{x,Q) = A^{x), A{x,tt) = A^{x). 

Lemma 2.1. The Chern-Simons form cs(V^ jV^) satisfies the equation (2.1), 
and modulo dA'^^'^^{X) it does not depend on the choice of connection V. 

Proof. Using 

{dx + d0)ch.{V) = and dgg = {6-,^ — So)d6, 

we obtain 

(ics(V\vO) = /" {{dx + de) - de) {di{V))g{9) = - [ de{ch{V))g{e) 

= [ ch(V)de^ = ch(V^)-ch(V°). 

It is also easy to see that modulo exact forms cs(V^, V*') does not depend 
on the choice of V. Namely, let V = dx + dg-\-A{x,e), V' = dx + de + A'{x,e) 
be two such connections. Define a connection V in the bundle V over X x 

X by 

V = dx + de,+ de^ + A{x, 91,62), 

where 

A{x,ei,0) = A{x,9i), A{x,ei,ir) = A'{x,ei) for ah 6'iG[0,27r], 
and i(x, 0,6*2) = ^0(2;), A{x, 71,02) = Ai{x) for ah 62 G [0,27r]. Then 

/ (ch(V) - ch(V'))5(^i) = / {dx + de,)cs{V,V')g{ei) 

= dx I cs{V,V')g{ei) - cs(V, V') 
= dx [ cs{V,V)g{ei)- [ ch{V)g{e2 
cs{V,V')g{9i). 
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Here we have used that at = and 9i = tt the restriction of the form 
ch(V) e A'^^^^{X X X S^) to X X has no components along and its 
integral over is zero. □ 

Remark 2.2. Formula (2.2) is similar to formula (1.5) in [SSIO] but has 
different applications than definition (1.2) in [SSIO]. 

Definition. Put 

CS(V\ V°) = cs(V\V°)moddX™°(X), 

which, according to Lemma 2.1, is a well-defined element in A°'^'^{X) = 
A°'^'^{X)/dA''^''''{X). 

Remark 2.3. Formula (2.1) can be written as 

cs(V\V°) = / ch(V), 

J n 

and the choice of points vr and 27r on the unit circle is immaterial. Using the 
change of variables, for every a < /3 on we get 

(2.3) cs(V\V°) = / ch(V), 

J a 

where now (V) = V°, i^(V) = 

Using (2.3) and Lemma 2.1, we immediately get 
Corollary 2.1. 

CS(V^ V°) = CS(V2, V^) + CS(V\ V°). 

2.2. ii'-theory. Let Kq(X) be the Grothendieck group of X — a quotient of 
the free abelian group generated by the isomorphism classes [V] of complex 
vector bundles V over X by the relations [V] + [W] = [V ®W]. 

In [SSIO], the authors defined a version of differential if-theory using the 
notion of a structured bundle. Namely, connections V*^ and on a complex 
vector bundle V over X are called equivalent, if CS(V^, V*^) = 0. It follows 
from Corollary 2.1 that it is an equivalence relation. 

Definition. A pair V = (U, {V}), where {V} is an equivalence class of 
connections on V, is called a structured bundle. 

Denote by Struct(X) the set of all equivalence classes of structured bun- 
dles over X. It is shown in [SSIO] that it is a commutative semi-ring with 
respect to the direct sum © and tensor product ® operations, and we denote 
by Kq{X) the corresponding Grothendieck ring. 

We have two natural ring homomorphisms: the "forgetful map" 

6 : ko{X) ^ Ko{X), 
given by [V] ^ [V] for V = (U, {V}), and 

ch : ko{X) ^ ^^"''"(X), 



6 



VAMSI P. PINGALI AND LEON A. TAKHTAJAN 



given by the Chern character map [V] i— )■ ch(y, V). For a trivial bundle V 
with trivial connection V = d, ch.{V, d) = rk(y) — the rank of V . 

The mapping 5 is surjective and for compact X its kernel consists of 
all differences [V] — [F] such that V = (V, {V}), where V is stably trivial: 
y © M = for some trivial bundles M and N , and F = (F, {V-^}), where 
F is trivial and rk(F) = rk(y). Indeed, by definition, 

keib = {pl]-[W]\U ® M = W ® M for some trivial bundle M}. 

Now let W be a vector bundle satisfying W © W = K, where K is a trivial 
bundle^. Choose arbitrary connections and on the bundles W and 
K, and introduce the bundles V = U (B W and F = K with the connections 
V = © V^' and V-^ = © V^'. The bundle V is stably trivial by 
construction: V ® M = N , where N = F ® M, and 

[U] - [W] = [U® W'] - [W © W] = [V] - [F]. 
It is an outstanding problem to describe the image of the Chern character 
map. The following simple result is crucial for our approach to the differential 
iC-theory of Simons-Sullivan [SSIO]. 

Proposition 2.1. The image of the Chern character map 

ch : kQ{X) ^ 

contains all exact forms. Specifically, for every exact even form uj there is a 
trivial vector bundle V = X x with a connection V = d + A such that 

di{V, V) - di{V, d) = UJ. 

The proof is based on the following useful result (see [dR84] and [Con85] ) ; 
for the convenience of the reader, we prove it here as well. 

Lemma 2.2. Every r] E A^{X) can be represented as a finite sum of the 
basic forms /i(i/2 A- • -Adfk+i, where /i, . . . , /fc+i are smooth functions on X. 
If the form r] is real, one can choose the basic forms such that all functions fi 
are real-valued, and if r] is zero on an open U (£ X , there is a representation 
such that all functions fi vanish on U. 

Proof. When X is a compact, one can choose a finite coordinate open cover 
{Ua}a£A of X and a partition of unity {pa}aeA subordinated to it. Then 
r] = Xloeyi Pa vlua^ where in local coordinates x^, . . . , on C/q, 

^Ic/. = ^fa,ldx'' A-- - Adx'\ 
I 

where I = {ii, . . . , ik} and 1 < ii < ■ • ■ < ik 1^ n. Let be a compact set 
such that supp pa ^ Ka C Ua and let ba be a "bump function" — a smooth 
function on X which is 1 on supp pa and zero outside Ka . Then 

rja = ^pafa,ld{x''ba{x)) A--- Adix'^baix)) £A\X) 
I 



Such bundle W exists since X is compact. 
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is of required form and rj = X^aeA • The second statement of the lemma 
is obvious from this construction. 

In the general case one can use an embedding / : X — )■ R'^ of the manifold 
X into Euclidean space (say the Whitney embedding into M?^). By consid- 
ering the tubular neig hbourhood of f{X) in M^, it is easy to show that the 
pullback map /* : ^(M^) — t- A{X) is onto, which proves the result. □ 

Proof of Proposition 2.1. Induction by the degree in dA°'^'^{X) C A^^'^^{X). 
According to Lemma 2.2, it is sufficient to consider only basic forms in 
A'"^'^{X). 

For a basic 1-form a = fidf2 we have oj = da = dfi A df2, so that 

ch(L, V) - ch(L, d) = ch(L, V)-l=uj, 

where L is a trivial line bundle over X with V = d — 2'K\/—lfidf2- 

Now suppose that all exact forms of degree < 2k are in the image of 
ch. For a basic {2k + l)-form a = fidf2 A • • • A df2k+2 we have u) = da = 
dfi A df2 A • • • A df2k+2 , which can be also written as 

W = J^^idfl A d/2 + • • • + df2k+l A 4f2fc+2)'+'. 

Let y be a trivial line bundle over X with 

V = d- 27rV^{fidf2 + ■■■ + f2k+idf2k+2), 

so that 

V2 = _2^V^(d/i A 4f2 + • • • + df2k+l A d/2fe+2). 

Then ch(V, V) — 1 — a; is an exact form of degree < 2k and, by induction, is 
in the image of ch. □ 

Remark 2.4. It the form uj is real then the connection V in Proposition 2.1 
is compatible with the metric on V given by the standard Hermitian metric 
on 

Remark 2.5. It immediately follows from the second statement of Lemma 
2.2 and the proof of Proposition 2.1 that if form co vanishes on open U C X, 
then connection V = d + A can be chosen such that A = on U. 

Corollary 2.2. For every a G A°'^'^{X) there is a trivial vector bundle V 
with connection V such that CS{V,d) = a. 

Proof For the given a G A°'^'^{X) let 9 G A^'^'^iX x 5^) be such that under 
the inclusion map ig : X ^ X x one has = a and ig(0) = for 

all in some neighborhood of 0. Applying Proposition 2.1 to the manifold 
X X and the exact even form — dG, we have 

ch(y, V) - rk(l/) = -(4. + de)G. 

Integrating over 6 from vr to 27r we get 

f-2n 

a = cs(V\V°) + 4 / B, 

J IT 
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for connections V*^ = «o(^) ~ C(^) on a trivial bundle V — a 

pullback of the trivial bundle V to X. Finally, it follows from Remark 2.5 
that one can choose connection V on y such that io(^) ~ ^- Thus putting 
V = we obtain CS(V, d) = amod(i^°^<='^(X). □ 

Remark 2.6. Corollary 2.2 gives somewhat stronger form of Proposition 2.6 
in [SSIO], the so-called "Venice lemma" of J. Simons^. It has been used in 
[SSIO] to prove that one can remove the differential form from the definition 
of the differential i('-theory given by M. Hopkins and I. Singer [HS05]. 

Remark 2.7. Here is a direct proof of Corollary 2.2 which is close to the 
original argument in [SSIO]. Let 77 be a 1-form on X and let L be a trivial line 
bundle with the connection V = d — 2TT\/^^r]. It follows from the homotopy 
formula in [SSIO] that 

CS(V, d) = exp{dt A ?? + tdi]} = V 77 A (driY^^ . 
■^0 l>i 

Thus for the basic 1-form a = fidf2 putting rj = a we get a = CS(V,(i). 
Now suppose that the result is valid for all odd forms of degree < 2k — 1, 
and let a = /ic?/2 A • • • A 4f2fc+2 be a basic form of degree 2k + 1. Putting 
r] = fidf2 H h f2k+idf2k+2 we obtain in A"^'^{X), 

CS(V, d) = A {di^f -i = a-i, 

where ^ is a sum of odd forms of degrees < 2k — 1. By the induction hy- 
pothesis, there is a trivial vector bundle V with the connection V such that 
CS(V, d) = so that Q = CS(V V, d). 

Recall that a flat connection V on a trivial vector bundle F is a connection 
with trivial holonomy around any closed path in X. Equivalently, V = = 
d + g-^dg, where g : X ^ GL(r,C), r = rk(F), is a global parallel frame. 
The corresponding structured bundle = {F, {V}) is called flat. Since any 
two flat connections on a trivial bundle F are gauge equivalent, flat bundles 
of a fixed rank r correspond to a single point in Struct (X), which following 
[SSIO], we denote by [r]. Also, denote by T{X) a subgroup in A°'^'^{X) 
consisting of CS(V, V') for all trivial bundles F and flat connections V, V' 
on F. 

Remark 2.8. According to Lemma 2.3 in [SSIO], the group T{X) has the 
following description. Let G be the bi-invariant closed odd form on the stable 
general linear group GL(oo) such that the free abelian group generated by 
all distinct products of its components represent the entire cohomology ring 
of GL(oo) over Z. Then 

T{X) = {g*{Q) I for all smooth g : X ^ GL(oo)}/d^'=™"(X). 



D. Sullivan, private communication. 
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Now following [SSIO], let 

StructsT(^) = {[V] = [{V,{V})] G Struct(X) | V is stably trivial} 

be the stably trivial sub-semigroup of Struct(X), and for V G StructsT(-^) 
define 

CS(V) = CS(V^,V© V^) G 

where V (B F = N with trivial bundles F and N, and V^, are flat 
connections on these bundles. According to Proposition 2.4 in [SSIO], for 
another choice of trivial bundles F and N with flat connections V^, we 
have 

CS(V^, V © V-^) - CS(V^, V © V-^) G T{X), 

so that the mapping CS : Structsxl-'^) A°'^'^{X)/TiX) is a well-defined 
homomorphism of semigroups. 

Remark 2.9. One can choose F = X x C' with = d and = d^, 
where g is the isomorphism between V (B F and N = X x C^, and put 
CS = CS{V ®d,ds). 

According to Corollary 2.2 the map CS is surjective, and according to 
Proposition 2.5 in [SSIO], kerCS = StructsF(^) — the subgroup of stably 
flat structured bundles. By definition, V G StructsT(-'^) is stably flat, if 

V© J- = AA, 

where F = {F, {V^}) and M = {N, {V^}) are trivial bundles with equiva- 
lence classes of flat connections. Since map CS is onto and A°'^'^{X) /F{X) 
is a group, for every V G StructsT(A') there is W G Structsxl-'^) such that 
V© W G StructsF(-'^)- This introduces a group structure on the coset space 
StructsT(^)/StructsF(^)5 and we arrive at the following statement. 

Proposition 2.2. The map CS induces a group isomorphism 

CS : StructsT(^)/StructsF(X) ^ A°'^'^{X)/T{X). 

From this result we immediately obtain Theorem 1.15 in [SSIO]. 

Corollary 2.3. Every structured bundle over a compact manifold X has a 
structured inverse: for every V = {V, {V}) G Struct (X) there exists W = 
{W, {V^}) G Struct(X) such that 

V © W = AA, 

where J\f = {N, {V^}) is a trivial bundle with flat connection. 

Proof For V = {V, {V}) G Struct(A) let U be such that V eU = F — a 
trivial bundle over X. Then F = {F, {V©V^}) G StructsT(A) for any choice 
of connection on U. By Proposition 2.2, there exists H = {H, {V^}) G 
StructsT(A) such that F®T-L £ StructsF(Ar), i.e., there are trivial bundles 
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M and N with flat connections V^^ and V*^ such that F Qli® M =J\f. 
Putting 

w = {u ® H ® M, {v^ e e v*^}), 

we obtain V ®W = M. □ 

From Corollary 2.3 we immediately obtain, as in [SSIO], that 

• The Grothendieck group K{X) consists of elements [V] — [r]. 

• The element [V] — [r] = if and only if V = (^{V}) is stably flat 
and r = rk(y). 

• The mapping T : StructsT(-'^)/StructsF(-'^) — ^ ^{X)i defined by 

r([V]) = [V] - [rk(y)], 

gives an isomorphism StructsT(-'^)/StructsF(^) — ker5. 

Denoting by i = F o CS : A"'^'^{X) /T{X) — )■ ker J, we obtain the main 
part of the result in [SSIO], the following commutative diagram with exact 
rows: 

> A°'^'^{X)/T{X) k{X) K{X) > 



d 



> dA"'^'^{X) ^^™>^(X) > H2^''{X) > 0, 

where Z^'^^^{X) is a subspace of closed forms in A^^^^{X), and the map j is 
an inclusion. 

3. HOLOMORPHIC VECTOR BUNDLES OVER A COMPLEX MANIFOLD 

3.1. Bott-Chern secondary forms. Let /i) be a holomorphic Hermit- 
ian vector bundle — a holomorphic vector bundle of rank r over a complex 
manifold X, dimcX = n, with the Hermitian metric h. For a given open 
cover {Ua}a^A of X, the bundle E can be defined^ in terms of the transi- 
tion functions: holomorphic maps gai3 : Ua^Up ^ GL(r, C), satisfying the 
CO cycle condition 

where / is r x r identity matrix. In terms of the transition functions, a Her- 
mitian metric /i on is the collection h = {/lojaeAi where are positive- 
definite Hermitian r x r matrix- valued functions on Ua, satisfying 

hp = a*al3ha9al3 On Ua H f/g, 

and g* stands for the Hermitian conjugation. 



ch 



ch 



For the convenience of the reader who is not a geometer, here we briefly recall the 
basic definitions (see, e.g., [Wel08]). 
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Denote by V the canonical connection on the holomorphic Hermitian bun- 
dle {E, h). In terms of the open cover {Ua}a&A and the transition functions 
it is given by the collection V = {Va}aGA, 

Va = d + A„ = 5 + a + A^'O + A^/, 

where Aa^ = and Aa'^ = h~^dha are r x r matrix-valued (l,0)-forms on 
Ua, satisfying 

^13 = 9~^Aagai3 + da^dgap on Ua n Up. 

The curvature of the canonical connection V = d + A on holomorphic 
Hermitian vector bundle {E,h) is a collection = {Qa}aeA, where Gq, = 
dAa are r x r matrix- valued (1, l)-forms on Ua, satisfying 

(3.1) 0/3 = ^a^Sa^Q/? on Ua^Up. 

Chern-Weil theory associates to any polynomial <J> on GL(r, C), invariant 
under conjugation, a collection {(^{Qa)}a<^A which, according to (3.1), de- 
fines a global differential form ^{Q) on X. The total Chern form c(S, h) and 
the Chern character form ch(£', h) of a holomorphic Hermitian vector bun- 
dle {E, h) are special cases of this construction and are defined, respectively, 
by 

c{E, h) = det (l + ^ ®)=jZ ^) 



and 



ch(£;,/i) = Trexp[^G] = ^ chfc(i?, /i). 



Since 



ch(E,/i) eA{XX)^A^^'''\X,W), ^(X,C) = 0^P'P(X,C), 

p=0 

the Chern character form is d and d closed. 

Let hi and /12 be two Hermitian metrics on a holomorphic vector bundle 
E over a complex manifold X. In the classic paper [BC65], Bott and Chern 
have shown that there exist secondary characteristic forms, the so-called 
Bott-Chern forms — even differential forms bc(i?; /ii, /12) G A{X,C) = 
^(X,C)/(Im5 + Im5), satisfying 

(3.2) ch(^,/i2) -ch(^,/ii) = ^:^ddhc{E-hi,h2) 
and the natural functorial property 

(3.3) hcinE),rihi), r[h2)) = nhz{E; h^M)) 
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for holomorphic maps f : Y ^ X of complex manifolds. The proof in [BC65, 
Proposition 3.15] uses the analogue of the homotopy formula in Chern-Weil 
theory. 

Remark 3.1. In the smooth manifold case, using linear homotopy of connec- 
tions Vt, it possible to integrate over t in the homotopy formula in a closed 
form and to obtain explicit formulas for the Chern-Simons forms (see, e.g., 
[SSIO]). However in the complex manifold case for any homotopy ht of Her- 
mitian metrics, due to the presence of inverses /i^^ in Gt, it is not possible 
to integrate over t in the homotopy formula in a closed form and to obtain 
explicit formulas for the Bott-Chern forms in terms of the Hermitian metrics 
hi and /12 only^. 

In [GS86], Gillet and Soule gave another definition of the Bott-Chern 
secondary classes which is also well-suited for short exact sequences of holo- 
morphic vector bundles over X, which are used for defining the i^-theory 
of X. Namely, let £^ be a holomorphic vector bundle over X with Hermit- 
ian metrics hi and /12, let 0(1) be the standard holomorphic line bundle 
of degree 1 over the complex projective line P^, and let E = £^(8)0(1) be 
the corresponding vector bundle over X x . If ip : X ^ X x CP^ is the 
natural inclusion map ip{x) = {x,p) then ip{E) — E for all p £ F^. Let h 

be a Hermitian metric on E such that i^ih) = hi and i^(/i) = /12 (such a 
metric is constructed using partition of unity). 

Definition. The Bott-Chern secondary form is defined as 
(3.4) hc{E;hi,h2)= [ ch{E,h)log\z\'^ 

— direct image of log\z\'^ch{E, h) under the projection tt : X x F^ ^ X 
(integration over the fibres of vr). The integral is convergent since log |2:pa;(2:), 
where io is any smooth (1, l)-form on F^, is integrable. 

Lemma 3.1 (H. Gillet and C. Soule). The Bott-Chern form hc{E;hi,h2) 
satisfies equations (3.2) and (3.3), and modulo Im9 + Im(9 does not depend 
on the choice of Hermitian metric h. 

The proof of (3.2) uses Poincare-Lelong formula: 
^^^^ (99 log \z\^ = 5oo - 5o 

ZTT 

(see [GS86, BGS88]), and Lemma 2.1 uses a simplified version of this argu- 
ment. As in the previous section, we put 

BC{E;hi,h2) = hc{E;hi,h2)mod{\iJid + lmd). 



In a separate publication we will show that one can get explicit formulas for Bott- 
Chern forms using some natural coordinates on the space of positive-definite Hermitian 
matrices. 
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Remark 3.2. Note that formula (3.4) the for Bott-Chern forms uses the 
Green's function log \z\'^ of the Laplace operator on P^, whereas formula (2.2) 
for the Chern-Simons form uses the Green's function g{6) of the operator 

ci 

Remark 3.3. In fact, Gillet and Soule in [GS86] (and with J.-M. Bismut in 
[BGS88]) defined Bott-Chern forms for short exact sequences of holomorphic 
vector bundles over X . Namely, let 

> F — '—^ E > H > 

be such an exact sequence, where holomorphic bundles F, E and H are 
equipped with Hermitian metrics hp, He and hu. Put^ -^(1) = F ® C>{1) 
and consider the map id^o" : F — )• F{1), where o" is a holomorphic section 
of the bundle 0{1) over ¥^ with a single zero at oo. Let 

E = {F{l)®E)/F 

be the quotient bundle over X x P^, where F is mapped diagonally into 
F(l) © by (id (g) a) © i. Then under the embedding ip : X ^ X xf^ we 
will have'^ il{E) = E and i^(^) = F ® H since E/F ~ H. There exists 
a Hermitian metric h on E such that i^^h) = hp and i^(/i) = hp ® hn, 
and the Bott-Chern secondary form for the exact sequence and Hermitian 
metrics hF,hE,hH is defined by Gillet and Soule [GS86] by the formula 



hc{£'; hp, hp, fiff) = / ch.{E,h)log\z\ 



2 



Similar to (3.2), the Bott-Chern forms satisfy the equation 

ch{F®H,hF®hH) -di{E,hE) = ^^^^ ddhc{>^; He, hp, hn), 

In 

are functorial, and vanish when the exact sequence holomorphically splits 
and hE = hp ®hH (see [GS86, BGS88]). 

3.2. Chern forms of trivial bundles. We start with the following simple 
linear algebra result. 

Lemma 3.2. Let o:i,/3i, i = 1, . . . ,k, be odd elements in some graded com- 
mutative algebra A over C (e.g., the algebra of complex differential forms 
on X), and let A be a k x k matrix with even elements Aij = ai/3j, and put 
a = Tv A = Yli=i (^iPi- Then for every A G C, 

(/ - \AY^ = 1 + yl = / + (A - A^a + • • • + (-l)*^A*^+io'=)A, 

1 + Aa 



^Here and in what follows we use the same notation for bundles over X and their 
puUbacks under the projection tt : X x — >■ X. 

^It is for this construction that it is necessary to twist the bundle F by 0(1). 
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where I is k x k identity matrix, and also 



det(/ - XA) 



l + Xa 

Proof. Consider the following identity 
d 



1 -Aa + ••• + (- n'^A'^a^ 



d\ 



logdet(/-AA) = -Tr A{I - XA)-\ 



whose validity for matrices over C and small A follows from Jordan canonical 
form, and for matrices with even nilpotent entries — from the definition of 
the determinant^. Since A'^ = —aA, we obtain 



{I-XA)~^ = I + 



X 



1 + Xa 



A, 



so that 



d 



logdet(I- A^) 



d 



dX 1 + Xa dX 

Integrating and using det/ = 1, we get the result. 



log(l + Aa). 



□ 



The next result is an explicit computation of the total Chern form of a 
trivial vector bundle with a special non-diagonal Hermitian metric. 



Lemma 3.3. Let Er = XxC 

a Hermitian metric h given by 



a trivial rank r vector bundle over X with 



/l 

1 

1 

h = h{a,fi,...,fr-i) = g*g, where g= , . . 



yO 

and fi,...Jr-i gC~(X,C), aeC°°{X,R). Then 



fi \ 
h 

/s 

1 fr^l 

e<^/2y 



c{Er,h) = c(^i,e'") + 



-1 



27r 



59 log ( 1 



2tt 



U 



where U = e""^ J2l=i dfi A dfi, Ei = det E,. is a trivial line bundle over X , 

2 r — 1 

and for a nilpotent element a of order r, log(l — a) = —{a-\- ^ + • • • + frrr)' 
Equivalently, 



ci{Er,h) 



-1 



27r 



dda, Ck{Er,h) 



k-l 



2tt 



ddU^^\ k = 2,...,r. 



In the latter case log and inverse are given, correspondingly by the finite sums — 
truncated power series. 
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Proof. Let = d{h~^dh) be the curvature form associated with the Her- 
mitian metric h. We need to prove that for every A G C, 

det(/ + AG) = 1 + Xdda + A551og(l - XU) 
= 1 + Xdda - X-^ — - A'^ 



1-XU (l-A[/)2' 
where 

fc=0 ^ ^ k=0 

It is convenient to represent the matrix / + AG in the following block form 

7 + AGii AGi2 
AQ21 I + AG22. 



/ + AG 



where (r — 1) x (r — 1) matrix Qn, (r — l)-vectors Q12, G21, and the scalar 
Q22 are given by 

en = {-dine-^df,)}':-^^ , Q12 = {Bdf, - d{hF) - d{hda)yr^l , 
©21 = {d{e-''dfi)y-l , G22 = Bda + OF, 

and F = e~'^ S[=i fi^fi- The row operations Ri ^ Ri + fiRr transform the 
matrix / + AG to the form 

I-XA b 
c d 

where 

A = [e-'^dU A , h={fi + X{ddfi -BfiAF- df, A da)}";-'^ , 

and we put c = AQ21, d = 1 + AG22- 
Now it follows from the representation 

'I-XA b\ _ f I b\ fl- XA 

c dj ~ \c{I-XAy^ d) \ 1 

that 

det(I + AG) = det(I - A^) {d - c{I - XA)-^b) , 
which we compute explicitly using Lemma 3.2. Namely, 

det(/ + AG) = Y^-^ ^1 + Kdda + OF) 

r—1 ^ 

- ^ Xd{e-^df,) A [6,j + ^HI^MAM) A (/, + X{ddf, - Bf, A (F + da)) 
i,j=l / 

Using equations 

r-l 

QF = -Qa ^F ^e-'^Y^ hBBU. 

i=l 
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and 

dU = -da AU + '^+, BU = -da AU + ^-, 
BdU = -Bda A [/ + acj A acj A [/ + 5c7 A - 5cj A + 

where 

r-l r-1 r-1 

= e-'^^9/iAa9/i, = e-^^ddfiAdfi, CD = e'^ ^ddhAddfi, 

i=l i=l i=l 

and simplifying, we obtain 

det(I + Ae) = 1 + \ ( dda - + Xda A'^+ - Xda AU A F + A^-^ A F 

- XBa Ada AU + A^'_ ABa- ^ ( - Ba AU A F + - A F 

1 — xu v 

+ A5o- A acr A [/ A [/ + A^_ A '1'+ - A^_ AU AF - A^f - AU ABa 
-XBa AU A-^+ + XBa AU AU AF^ 



= 1 + ^ (95cj + A(-$ + acj A ^+ - acj A acj A [/ + A 
1 — XU v 

.BuaBU , ^^r, ,2 ,.BuaBU 

Corollary 3.1. T/ie following identities hold 

r 

E chk{Ei,h{a,f,„...J,^_^)) 

1=1 l<ji<...<i;-i<r-l 



BB 



r-1 \ 271 J \{r-l)\ 



r 

for k = 1, . . . , r, anrf 



/=1 l<ii<...<ii_i<r-l 

r+1 



^ ci{Er,h)cr{Er,h) = TT ( ) BBa A BB U 



r-1 



{r+iy.' " ' " ' (r-l)(r + l)! V 27r 
where it is understood that h{a, /j^, . . . , = e*^ for 1 = 1. 

Proof. Replacing the functions fi in the definition of the Hermitian metric 
h{a; /i, . . . , fr-i) by tifi with real tj, we can consider Chern forms Ck{Er, h) 
as polynomials in ti,...,tr-i with coefficients in the commutative ring 
A{X,C) n A'^^°^{X,M). In follows from the explicit formulas in Lemma 
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3.3, that these are polynomials in variables Oj = tf, which can be con- 
sidered as nilpotent elements of order 2 since the forms dfi A dfi have the 
same property, and that the Chern forms Ck{Ei, h{a; ti^fi^ , • • • , Ui_ifii_i) can 
be obtained from the Chern form c^iE^, h{a;tifi, . . . ,tr-i/r--i) by setting 
tj = for J G J — a complementary subset to / = {ii, . . . , ii^i} in the set 
{l,...,r-l}. 

The Chern character forms are related to the Chern forms by Newton's 
identities 

(-l)^-/c!chfc = -kck + Cfc-ichi - 2!cfc„2ch2 + • • • + (-l)^'(^ " l)!cichfc_i, 

so that the same relation holds between Chern character forms for the vector 
bundles Ei and E^. Now represent the Chern character form as 

k-i 

chk{Er, h{a; hfi, ... , U-ifr-i) = «n • • • 

(=1 \l\=l 

where summation goes over all subsets of {1, . . . , r — 1} of cardinality /, and 
substitute it to the left hand side of the identity we want to prove, with fi 
replaced by tifi. We obtain a sum of monomials, and by the relation between 
the Chern character forms for the bundles Ei and Er, for k < r every term 
is a monomial . . . ajj_ja;/, taken with coefficient 




which follows from the exclusion-inclusion principle. For the case k = r the 
term —Cr{Er, h)/(k — l)\ is the only term to survive, and for the case k = r+1 
such term is given by —ci{Er, h)cr{Er, h)/{r + 1)!. □ 

Remark 3.4. For the rank 2 trivial vector bundle E2 with the Hermitian 
metric 

the main identity in the Corollary 3.1 takes the form 

ch2(i?2, Ha, /)) - ch2(i?i, e'^) = --^ddie-'^df A Bf), 

and can be verified by a straightforward computation^. For the bundels of 
rank 3 and 4 corresponding identities were first verified using special Math- 
ematica package for computing Chern character forms, written by Michael 
Movshev. Based on these results, Michael Movshev [MovlO] was able, with 
the help of Mathematica, to obtain Lemma 3.3. Here we give its complete 
algebraic proof and show that it implies the identities, originally conjectured 
by the second author. 



'This computation of the second author was the starting point of the paper. 
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Remark 3.5. Setting 6 = h ^dh, it is easy to obtain 

Tr(^ A ^) = e-^df Adf + e'^'df A Bf. 

To get rid of the second term and to write down the simplest nontrivial 
Bott-Chern form bci(/i, /), where / is a trivial Hermitian metric on E2, we 
need to add the "Wess-Zumino term" (rather its (1, l)-component) to the 
"kinetic term" Tr{6 A 6). Such formula was first obtained by A. Alekseev 
and S. Shatashvili in [AS89], where for the case of Minkowski signature the 
decomposition 

is replaced by the Gauss decomposition for SL(2,C). 

Remark 3.6. The Bott-Chern forms (or rather their exponents) also appear 
quite naturally in supersymmetric quantum field theories as ratios of non- 
chiral partition functions for the higher dimensional analogues of the bc- 
systems [LMNS97]. 

3.3. The main result. The first result is an analogue of Lemma 2.2 for 
general complex manifolds. 

Lemma 3.4. Let X be a complex manifold. Every uj G A^'''{X,C)nA'^'^{X,R) 
can be written as a finite linear combination over M of wedge products of 
real {l,l)-forms of the type yf^e'^df A Bf, where a G C°^(X, M) and 
f E C°°(X, C). Moreover, if lo is zero on open U C X, than one can choose 
these forms such that all functions a and f vanish on U . 

Proof. Let a; be a real form of type {k, k). According to Lemma 2.2, it is a 
finite sum of the terms 

hodhi A dh2 A • • • A dh2k = ho{d + d)hi A (9 + d)h2 A • • • A (9 + B)h2k, 

where Hq, . . . , h2k are smooth real- valued functions on X. Since uj is of type 
(/c, /c), it is a finite sum of (fc, A;)-components of the forms above. Every such 
component is a function times the wedge product of the following factors 
(where h and g are some of the /ij's) 

dhAdg + dhAdg = V^{df A Bf - dh A Bh - dg A Bg), 

where f = h + y/—lg. □ 

For compact complex manifolds (or rather for manifolds admitting a fi- 
nite coordinate open cover) and for submanifolds of C", there is a different 
version of Lemma 3.4. 

Lemma 3.5. Let X be a compact complex manifold or a submanifold of 
C". Every lo G A'''''{X,C) n ^^^(X,M) can be written as a finite linear 
combination of wedge products of real {l,l)-forms of the type V— 1 hBdp 
where h and p are smooth real functions on X . 
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Proof. We will follow the proof of Lemma 2.2. Namely, let {Ua}aeA be 
a finite coordinate open cover of X and {pa}aeA be a partition of unity 
subordinate to it, so that uj = J2aeA Pa ^\ua' Denoting by 



local complex coordinates in Ua, we can write 

uj\^^ = ^ fajjdx"-^ A • • • A dx"-' A dy^^ A • • • A dy^", 
l,J 

where I = {h,.. . J = {ji, . . . /q,,/j G C°°([/q,,M) and 1 < ii < 

• • • < H ^ n, 1 < ji < • • • < jm < n, I + m = 2k. Since the form oj was 
supposed to be of {k,k) type, so are the forms uj\jj^. On the other hand, 
the (A:, A;)-component of these forms can be obtained by rewriting them in 
complex coordinates using 

dx"- = l-idz"" + dt), dy'' = — ^={dz'' - dz") , i = l,...,n, 
2 2\/ — 1 



and collecting terms of the type {k,k). If one of such terms has a factor 
dz^ A dz'', i,k I, then it necessarily has a factor 

{dz^ Adz^ +dz' Adz^), 

if it comes from dx* A dxK Similarly, one has factors {dz^ A dz"^ + dz^ A dz"^), 
j,m £ J, coming from dy^ A dy"^, and \/—l{dz^ A dz^ — dz^ A dz^), coming 
from dx* A dy^ , i £ I and j £ J. 

In the first two cases corresponding factors can be written as 

2^/^^^{lTn{z'f)) and 2^/^dd{lm{z^ z"')), 

whereas in the third case it takes the form 2\/—ldd(Re{z^z^)). As in the 
proof of Lemma 2.2, let Ka be a compact set such that supp pa ^ Ka C Ua 
and let ba be the corresponding bump function. Then we see that all the 
terms will take the form 2\/—lddp, where p{z) = lm{ba{z)z^z^) or p{z) = 
Ile{baiz)z^z^). This proves the first part of the statement. The second state- 
ment of the lemma is obvious from the construction. For submanifolds of C"", 
the local part of the argument above carries over globally using a tubular 
neighbourhood argument just as in Lemma 2.2. □ 

Remark 3.7. Let a; be a real differential form of pure type on a complex 
manifold X, uj £ A'''''{X,C) n ^^^(X, M). We call the form uj elementary, 
if it is a wedge product of (1, l)-forms hddp with real-valued h and p, 
and we call the form uj composite, if it is a wedge product of (1, l)-forms 
V— 1 e'^df A df. According to Lemmas 3.4 and 3.5, on a compact complex 
manifold X every composite form is a finite linear combination of elementary 
forms and, conversely, every elementary form is a finite linear combination 
of composite forms. This is reminiscent of the "nuclear democracy" in the 
bootstrap model of the 5'-matrix theory in particle physics. 

We have the following complex manifold analogue of Proposition 2.1. 
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Theorem 3.2. For every dd -exact form uj £ A{X,C) n ^''™'(X,M) on 
a complex manifold X there is a trivial vector bundle E over X with two 
Hermitian metrics hi and /i2 such that 

di{E,hi) - ch{E,h2) = w. 

Proof. It is convenient to introduce a virtual Hermitian bundle £ = E — E 
with corresponding Hermitian metrics hi and /12, and to rewrite the above 
equation as chiS = lj. Thus defined Chern character form for virtual Hermit- 
ian bundles is obviously additive: if Wi = Wi — Wi with Hermitian metrics 
/ill and hi2, and W2 = W2 — W2 with Hermitian metrics /121 and /i22) then 

chWi + ch>V2 = chW, 

where W = W — W and W = Wi © W2 with corresponding Hermitian 
metrics hi = hu © h2i and /12 = hi2 © /i22- Slightly abusing notations, we 
will write W = Wi © W2- The Chern character form for virtual Hermitian 
bundles is also multiplicative: 

chWichW2 = chW, 

where W = W — W and W = {Wi © W2) © {Wi © W2) with corresponding 
Hermitian metrics 

/ii = (/ill © /121) © (/112 © /122) and /i2 = (/ill © /i22) © (/ii2 © /i2i)- 

Slightly abusing notations, we will write W = Wi © W2. 

Let cj be a real form of degree {k,k), k > 1 which is a 99 of a composite 
form: 

(3.5) ^ = _1_ (^^^ Od (e('=-i)^9/i A a/i A • • • A df^-i A dfk-i) • 
It follows from Corollary 3.1 that 

(3.6) UJ = chkTk and chiTk = 0, i = 1, . . . ,k — 1, 
where J-^ = Fj. — Fj. and 



^.=eKi+(-iy)('_0^' 
=eKi-(-iy)(':^)^^ 



1=1 

with Hermitian metrics 
k 

/iifc = 0Kl + (-iy) h{aj,„...,f,, 

1=1 l<il<...<i;_i<fc-l 
A: 

^2fc = ^ (1 - (-1)') Ha, /,,,..., J 

1=1 l<ii<...<ii_i<fc-l 

for k > 2, whereas F2 = ^2 = -^i © Ei and hi2 = h{a, /), /i22 = e'^ © 1. 
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In particular, if a; is a composite form of the top degree {n,n), then 

Now, we may use induction argument to finish the proof. Namely, suppose 
that the statement holds for all forms of degrees {1,1), k < I < n, and let u 
be a composite {k, A;)-form given by (3.5). According to (3.6), u; — ch is a 
sum of forms of degrees {I, I) with I > k, so that by the induction hypothesis 
there exists a virtual Hermitian bundle such that w — ch = ch J^. Thus 



chS, where £ = Fk® J^. 



□ 



Remark 3.8. When X is compact or is a submanifold of C" we can give 
another proof using Lemma 3.5. Firstly, the statement holds for (1, l)-forms. 
Namely, since every real dd-ex.a,ct (1,1) form is given by w = ^'^^dda, 
where a G C°°{X,'S.), consider the trivial holomorphic line bundle Ei with 
the Hermitian metric h = e'^, so that 



ch(£^i , h) = exp u = 1 + uj -\ — u'^ + 



1 r 



To get rid of all terms in this expression except uj, consider Hermitian metrics 
gOicr^ f = l,...,n+l, and choose pair-wise distinct Oi such that the following 
system of equations 



/I 


1 


1 . 




( \ 










as . 


■ ttn+l 


C2 




1 


of 




al . 


• «n+l 













«3 • 


• <+J 


\Cn+l ) 




w 



has an integer solution ci, . . . , c^+i. Namely, for any choice of n + 1 different 
rational numbers a^ the numbers Cj are also rational. If their least common 
denominator is > 1, then for the numbers /3i = ai/N the corresponding 
solution is integral. Now putting 

(E, /ii) = Ci{Ei,e^n and {E, /la) = 0(-Ci)(Si, e^^, 



Ci>0 



Ci<0 



where n{L, h) stands for the direct sum of n copies of a line bundle L with 
the Hermitian metrtic h, we get 



ch{E,hi) - ch{E,h2) 



OJ. 



Now let be a real form of degree {k, k) which is a dd of an elementary 
form: 

k 



UJ 



-1 



27r 



dd {piddp2 A • • • A ddpk) 



-1 



27r 



Then 



UJ = ch£, where £■ = £i 



ddpif\ddp2f\- ■ -Addpk. 
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Remark 3.9. It immediately follows from the second statement of Lemma 
3.4 and the proof of Theorem 3.2, that if form u vanishes on open U C X, 
then Hermitian metrics hi and /i2 can be chosen such that hi = h2 = I — 
identity matrix — on U . 

Corollary 3.3. For every uj G A{X,C) r\ A^^'^^{X^M.) of degree not greater 
than 2n — 2, there is a trivial vector bundle E over X with two Hermitian 
metrics hi and /i2 such that in A{X, C) 

BC(^;/ii,/i2) = w. 

Proof. It is analogous to the proof of Corollary 2.2. Namely, let $7 G A{X x 
PSC) n X pi,M) be such that under the inclusion map ip : X ^ 

X xF^ one has i^(f^) = — w and io(^7) = in some neighborhood of in 
P^. It follows from Theorem 3.2 that there is a trivial vector bundle E over 
X X with two Hermitian metrics hi and h2 such that 

ddn = ch{E, hi) - ch{E, 112), 



2tt 

where the metrics hi and 1x2 can be chosen such that i*Q(hi) = ^0(^2) = I- 
Denoting by E' a trivial vector bundle over X — a pullback E — and 
putting hi = i^{hi), /12 = i^(/i2), we obtain, modulo Imd + Imd, 

hc{E;I,hi) -hc{E;I,h2) = [ ^^ddniog\z 

Jpi 2tt 

d^d^n\og\z 



2 



2tx 



- ^dzdz log |zp 



27r 

= C(0)-i*(0) 

= —UJ. 

Therefore in ^(X, C), 

w = -BC(£;; /, /ii) + BC(£;; /, /i2) = BC(^; hiM)- □ 

3.4. Application to differential A'-theory. Recall that according to the 
definition of differential ET-theory in [GS86], the -ftT-group Kq{X) for complex 
manifold X is defined as the free abelian group generated by the triples 
{E,h,r]), where is a holomorphic vector bundle over X with Hermitian 
metric h and r] G A(X, C) with the following relations. For every exact 
sequence 

> F — '—^ E > H > 

of holomorphic vector bundles over X, endowed with arbitrary Hermitian 
metrics hF,hE and hn, impose 

(3.7) (F, hp, v') + {H, hH,v") = {E, hE,v' + ^" " BC(<f , hp, hp, hn)), 
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where BC((f , /i^, /li?, /ij^) = bc((f , /i^;, /li?, /i//) mod (Im 9 + Im 5) (see Re- 
mark 3.3). It follows from (3.7) that in Kq{X) 

(3.8) iE,hi,m) = {E,h2,m-^CiE,hi,h2)). 

Now following [SSIO], we define two Hermitian metrics hi and /12 on the 
holomorphic vector bundle E to be equivalent, if BC(£', hi, /i2) = 0, and de- 
fine a structured holomorphic Hermitian vector bundle f as a pair {E,{h}), 
where {h} is the equivalence class of a Hermitian metric h. Our goal is to 
impose a relations on a free abelian group generated by £ such the resulting 
group HKo(X) is isomorphic to the "reduced" differential ii'-theory group 
Kq'^{X), a subgroup of Ko{X) with forms rj of degrees not greater than 
2n - 2. 

First we observe that it follows from (3.8) that the mapping 

(3.9) £ = {E, {h}) ^ e{£) = {E, h, 0) G Ko'^iX) 

is well-defined. Next we show that when extended to to the free abelian group 
generated by the structured holomorphic Hermitian bundles, this mapping 
is onto. Indeed, for every r] G A{X,C) D A°^^^{X,M) of degree not greater 
than 2n — 2, let F be the trivial vector bundle over X with two Hermitian 
metrics hi and /i2 such that, according to Corollary 3.3, 

iF,hi,rj) = (F,/i2,0). 

in Kq{X). Since 

{E®F,h®hi,7]) = {E,h,0) + {F,hi,rj) 
= {E,h,7]) + iF,hi,0), 

we obtain 

{E,h,r,) = {E,h,0) + {F,h2,0)-{F,hi,0). 

Finally, we define the group HKq(X) as the quotient of the free abelian 
group generated by £ modulo the relations — pullbacks of the defining 
relations for Kq^{X) by the mapping e. Explicitly, for every exact sequence 
S" of holomorphic vector bundles over X with Hermitian metrics hp,hE and 
Hh satisfying BC((f ; He, hp, hn) = 0, we impose 

{F,{hF}) + {H,{hH}) = {E,{hE}). 
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ON BOTT-CHERN FORMS WITH APPLICATIONS TO 
DIFFERENTIAL K-THEORY 



VAMSI P. PINGALI AND LEON A. TAKHTAJAN 

Abstract. We use Chern-Weil theory for Hermitian holomorphic vec- 
tor bundles with canonical connections for explicit computation of the 
Chern forms for trivial bundles with special non-diagonal Hermitian 
metrics. We prove that every dd-exact real form of type (fc, k) on an 
n-dimensional complex manifold X arises as a difference of the Chern 
character forms on trivial Hermitian vector bundles with canonical con- 
nections, and that modulo Imd + Imd every real form of type {k,k), 
k < n, arises as a Bott-Chern form for two Hermitian metrics on some 
trivial vector bundle over X. The latter result is a complex manifold 
analogue of Proposition 2.6 in the paper [SSOSb] by J. Simons and D. 
Sullivan. 



1. Introduction 

In [SSOSb] J. Simons and D. Sullivan have constructed a simple geometric 
model for differential K-theory (see [HS05] and [BSIO] for review). The 
model uses a codification of complex vector bundles with connection over a 
smooth manifold, by introducing the notion of a structured vector bundle 
— a pair (V^, {V}) consisting of a complex vector bundle V over a smooth 
(that is, C°°) manifold X and the equivalence class of a connection V. 
Two connections V'^ and are said to be equivalent if the corresponding 
Chern-Simons differential form is exact. The main technical innovation in 
[SSOSb] was Proposition 2.6 which states that all odd forms on X, modulo 
some natural relations, arise as the Chern-Simons forms between the trivial 
connection and arbitrary connections on trivial bundles over X. It allows one 
to prove that differential if-theory has a natural analogue of the celebrated 
Character Diagram for the ring of Cheeger-Simons differential characters 
(see [SSOSa] and [CS85]). 

For Hermitian holomorphic vector bundles — holomorphic vector bundles 
over the complex manifold X with Hermitian metrics — analogues of the 
Chern-Simons forms are the Bott-Chern forms, which were introduced in 
[BC65] earlier than the Chern-Simons forms in [CS74]. The corresponding 
differential ET-theory was defined by H. Gillet and C. Soule in [GSS6]. 

In this paper we use Chern-Weil theory for Hermitian holomorphic vector 
bundles with canonical connections for explicit computation of the Chern 
forms for trivial bundles with special non-diagonal Hermitian metrics. This 
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can be considered as the first step for explicitly computing Chern forms 
of the Hermitian holomorphic vector bundles using the transition functions, 
which we plan to address in the forthcoming paper. Here our goal is to obtain 
the analogue of Proposition 2.6 in [SS08b] for complex manifolds. Namely, 
we prove that all real forms of type (fc, k) on an n-dimensional complex man- 
ifold X, k < n, modulo ImS + ImS, arise as Bott-Chern forms for Hermitian 
metrics on trivial vector bundles over X. As in the smooth manifold case, we 
deduce this statement from the result about Chern character forms which 
says that every dd-exact real form of type {k, k) on a complex manifold X 
arises as a difference of the Chern character forms on trivial Hermitian vec- 
tor bundles. Unlike the smooth manifold case, where the latter result follows 
by considering direct sums of line bundles with connections, in the complex 
manifold case one needs to consider vector bundles with non-diagonal Her- 
mitian metrics. Our proof is based on several explicit computations of Chern 
forms for trivial vector bundles which may have interesting applications on 
their own. 

Here is the more detailed content of the paper. In Section 2 for the con- 
venience of the reader, we give a brief review of [SS08b]. Namely, we use 
the definition of the Chern-Simons forms inspired by the approach of H. 
Gillet and C. Soule for the complex manifold case [GS86], and deduce a 
somewhat stronger analogue of Proposition 2.6 in [SSOSb] — Corollary 2.2 
— from Proposition 2.1. The latter states that for every exact even form oj 
on a smooth manifold X there is a trivial vector bundle V over X with a 
connection V such that 

ch(y, V) - ch(y, d) = uj, 

where d stands for the trivial connection on V. Another small technical 
innovation is a different proof of Theorem 1.15 in [SSOSb] — Corollary 2.3 
in the present paper — which does not appeal to the existence of universal 
connections. 

In Section 3 we prove the main result, Theorem 3.2, which states that for 
every dd-exact real form oj of type {k, k) on a complex manifold X there is 
a trivial vector bundle E over X with two Hermitian metrics hi and /12 such 
that 

ch{E,hi) - ch{E,h2) = uj. 

The proof is based on Lemma 3.3 where we explicitly compute the Chern 
form of a trivial vector bundle over X of arbitrary rank with special non- 
diagonal Hermitian metric, and on Lemma 3.4 where we express real forms 
of type {k,k) as finite linear combinations of wedge products of real (1, 1)- 
forms of special type. We believe that these lemmas may have interesting 
applications on their own. We deduce the complex manifold analogue of 
Proposition 2.6 in [SSOSb] — Corollary 3.3 — by using the Gillet-Soule 
definition of the Bott-Chern forms [GSS6]. Finally, we discuss how using 
Corollary 3.3 one can get rid of the differential form in the complex manifold 



ON BOTT-CHERN FORMS 



3 



version of differential K-theory [GS86]. However, developing differential K- 
theory for the complex manifolds in the spirit of [SS08b] is an open and 
difficult problem since, in general, 'inverses' for the holomorphic bundles do 
not exist. 

Acknowledgments. The second author (L.T.) thanks James Simons and 
Dennis Sullivan for carefully explaining their work, and expresses his grati- 
tude to Michael Movshev for writing the Mathematica packages used at the 
early stage of this work, and for sharing his insight in formulating Lemma 
3.3. L.T. is also grateful to Nikita Nekrasov for the suggestion to consider a 
(1, 1) component of the Wess-Zumino-Witten 2-form. 

2. Complex vector bundles over a smooth manifold 

2.L Chern-Simons secondary forms. Let X be a smooth n-dimensional 
manifold X, let 

n 

A{X) = AHx, C) = e A°'^'^{X) 

k=l 

be the graded commutative algebra of smooth complex differential forms on 
X, and let V he a C°°-complex vector bundle over X with a connection V. 
Recall that the Chern character form ch.(V, V) for the pair {V, V) is defined 
by 

ch(y,V) = Trexp V^^ G 

Here is the curvature of the connection V — an End 1^- valued 2-form 
on X — and Tr is the trace in the endomorphism bundle End V. The 
Chern character form is closed, dch(y, V) = 0, and its cohomology class 
in H*{X,C) does not depend on the choice of V. 

Let V*^ and V"*^ be two connections on V. In [CS74], S.S. Chern and 
J. Simons introduced secondary characteristic forms — the Chern-Simons 
forms. Namely, the Chern-Simons form cs(V\V°) E A°'^'^{X) is defined 
modulo satisfies the equation 

(2.1) dcs(V\V°) = ch(1/,V^) -ch(T/,V°), 

and enjoys a functoriality property under the pullbacks with smooth maps. 

Here we present a construction of the Chern-Simons form cs(V^,V''), 
which is similar to the construction of Bott-Chern forms for holomorphic 
vector bundles, given by H. Gillet and C. Soule in [GS86]. Namely, for a 
given V put V = 7:*{V), where vr : X x S*^ i— )• X is a projection, and 
5"! = {e*^,0 < 6 < 2tt}. Exphcitly, F is a bundle over X x whose fibre 
at every point {x, ^) G X x is (g) C ~ Vx- For every 6 define the map 
ig : X X X hj ie{x) = (x, e*^), and let V be a connection on V such 
that 

tl{v) = v\ C(v) = v\ 
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Denote by g a function defined by 



9(0) 



if < 6* < vr, 

1 if TT <e <2n 



and extended 27r-periodically to M. It defines a function g : M., which 

is discontinuous at and vr. 

Definition. The Chern-Simons form is defined as 

(2.2) cs(Vi, yO) = 7rM0)cHV, V)) = / g(0)ch(F, V) G A°''''{X) 

— direct image of g{6)ch.{V, V) under the projection it : X x ^ X 
(integration over the fibres of vr). 

Remark 2.1. Connection V is trivial to construct. If in local coordinates 
V = + A'^(x), where dx is deRham differential on X and i = 0, 1, then 

y = dx + de + A{x,e), 

where A{x,6) is 27r-periodic and A{x,0) = A^{x), A{x,'k) = A^{x). 

Lemma 2.1. The Chern-Simons form cs(\7^ ,V^) satisfies the equation (2.1), 
and modulo dA°^°^^{X) it does not depend on the choice of connection V. 

Proof. Using 

{dx + dg)ch{V) = and dog = {6-,^ — ^^jdO, 

we obtain 

dcs(vSv°)=/' {{dx + de)-de){c\i{\/))g{e) = - f de{ch{V))g{e) 
= [ ch(V)de5 = ch(Vi) -ch(V°). 

It is also easy to see that modulo exact forms cs(V^, V'') does not depend 
on the choice of V. Namely, let V = dx + de + A{x,9), V' = dx-\-de-\-A'{x,e) 
be two such connections. Define a connection V in the bundle V over X x 
X by 

V = dx + de, + de, + A{x, 61,62), 

where 

i(x,6'i,0) = A(x,6'i), A{x,6i,tt) = A'{x,6i) for ah 6'iG[0,27r], 
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and 0,6*2) = Ao{x), i(x,7r,6'2) = Ai{x) for all 62 G [0,27r]. Then 
/ (ch(V) - ch(V'))g(^i) = / {d, + de,)cs{V,V')g{ei) 

= d, [ cs(V,V')5(^i)- cs(V,VO 



4 / cs(V,V')5(0i)- / cli(V)<7(02 
dx / cs(V, V';c/(^t7i^ 



9l=ir 
6*1=0 

0i=7r 
6»i=0 



Here we have used that at ^1 = and 9i = n the restriction of the form 
ch(V) G A'^^°^{X X X S^) to X X has no components along and its 
integral over is zero. □ 

Remark 2.2. Formula (2.2) is similar to formula (1.5) in [SS08b] but has 
different applications than definition (1.2) in [SS08b]. 

Definition. Put 

CS(V\ V°) = cs(V\V°)moddX""°(X), 

which, according to Lemma 2.1, is a well-defined element in A°'^'^{X) = 
A°'^'^{X)/dA''^''''{X). 

Remark 2.3. Formula (2.1) can be written as 

r-2TT 

cs(V\V°) = / ch(V), 

J n 

and the choice of points vr and 27r on the unit circle is immaterial. Using the 
change of variables, for every a < /3 on we get 

(2.3) cs(V\V°) = / ch(V), 

J a 

where now (V) = V°, i^(V) = 

Using (2.3) and Lemma 2.1, we immediately get 
Corollary 2.1. 

CS(V^ V°) = CS(V2, V^) + CS(V\ V°). 

2.2. i^-theory. Let Kq(X) be the Grothendieck group of X — a quotient of 
the free abelian group generated by the isomorphism classes [V] of complex 
vector bundles V over X by the relations [V] + [W] = [V (BW]. 

In [SS08b], the authors defined a version of differential i^-theory using the 
notion of a structured bundle. Namely, connections V'' and on a complex 
vector bundle V over X are called equivalent, if CS(V^,V'^) = 0. It follows 
from Corollary 2.1 that it is an equivalence relation. 

Definition. A pair V = (U, {V}), where {V} is an equivalence class of 
connections on V, is called a structured bundle. 
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Denote by Struct(X) the set of all equivalence classes of structured bun- 
dles over X. It is shown in [SS08b] that it is a commutative semi-ring with 
respect to the direct sum © and tensor product ® operations, and we denote 
by Kq[X) the corresponding Grothendieck ring. 

We have two natural ring homomorphisms: the "forgetful map" 

5 : k^{X) ^ Ko(X), 

given by [V] ^ [V] for V = {V, {V}), and 

ch : koiX) ^ ^^"''"(X), 

given by the Chern character map [V] i— )■ ch(y,V). For a trivial bundle V 
with trivial connection V = d, ch(y, d) = rk(y) — the rank of V . 

The mapping 5 is surjective and for compact X its kernel consists of 
all differences [V] — [F] such that V = (F, {V}), where V is stably trivial: 
F © M = for some trivial bundles M and N , and F = {F, {V^}), where 
F is trivial and rk(F) = rk(y). Indeed, by definition, 

ker (5 = {[^] - [W] I [/ © M = © M for some trivial bundle M}. 

Now let W' be a vector bundle satisfying W © W' = K, where K is a trivial 
bundle^. Choose arbitrary connections and on the bundles W and 
K, and introduce the bundles V = U (B W and F = K with the connections 
V = © V^' and V-^ = V'^ © V^'. The bundle V is stably trivial by 
construction: V ® M = N , where N = F (B M, and 

[U] - [W] = [U® W] - [W © W] = [V] - [F]. 

It is an outstanding problem to describe the image of the Chern character 
map. The following simple result is crucial for our approach to the differential 
X-theory of Simons-Sullivan [SS08b] . 

Proposition 2.1. The image of the Chern character map 

ch : ^o(^) ^ ^''^(X) 

contains all exact forms. Specifically, for every exact even form oo there is a 
trivial vector bundle y = X x C with a connection V = d + A such that 

ch(y,V) -ch(y,(i) = w. 

The proof is based on the following useful result (see [dR84] and [Con85] ) ; 
for the convenience of the reader, we prove it here as well. 

Lemma 2.2. Every rj G A''{X) can be represented as a finite sum of the 
basic forms /id/2 A - • -Adfk+i, where fi, . . . , ft+i o-^e smooth functions on X. 
If the form r] is real, one can choose the basic forms such that all functions fi 
are real-valued, and ifrj is zero on an open U ^ X, there is a representation 
such that all functions fi vanish on U. 



Such bundle W exists since X is compact. 



ON BOTT-CHERN FORMS 



7 



Proof. When X is a compact, one can choose a finite coordinate open cover 
{Ua}a£A of X and a partition of unity {pa}a£A subordinated to it. Then 
r] = YlaeA Pa vlua^ where in local coordinates X"^, . . . , on Ua, 

where I = {ii, . . . , i^} and 1 < < • • • < ifc < n. Let K^, be a compact set 
such that supp pa ^ Ka C Ua and let ba be a "bump function" — a smooth 
function on X which is 1 on supp pa and zero outside K^, . Then 

Va = Yl Pafa,id{x''ba{x)) A • • • A dix'^baix)) G A''{X) 
I 

is of required form and rj = X^Q,g^^a- The second statement of the lemma 
is obvious from this construction. 

In the general case one can use an embedding / : X — )■ of the manifold 
X into Euclidean space (say the Whitney embedding into M^"). By consid- 
ering the tubular neig hbourhood of f{X) in M^, it is easy to show that the 
pullback map /* : A{R^) A{X) is onto, which proves the result. □ 

Proof of Proposition 2.1. Induction by the degree in dA'^'^'^{X) C A^'^'^^{X). 
According to Lemma 2.2, it is sufficient to consider only basic forms in 
A'"^'^{X). 

For a basic 1-form a = fidf2 we have u: = da = dfi A d/2, so that 

ch(L, V) - ch(L, d) = ch(L, V) - 1 = cj, 

where L is a trivial line bundle over X with V = d — 27r^—lfidf2- 

Now suppose that all exact forms of degree < 2k are in the image of 
ch. For a basic {2k + l)-form a = fidf2 A • • • A df2k+2 we have u = da = 
dfi A d/2 A • • • A df2k+2, which can be also written as 

00 = jrr^idfi A d/2 + • • • + df2k+i A d/2fe+2)'^+'. 

[k + 1)! 

Let y be a trivial line bundle over X with 

V = d- 27rV^{fidf2 + ■■■ + f2k+ldf2k+2), 

so that 

V2 = -27rV^{dfi A d/2 + • • • + df2k+l A df2k+2). 

Then ch.{V, V) — 1 — a; is an exact form of degree < 2k and, by induction, is 
in the image of ch. □ 

Remark 2.4. It the form w is real then the connection V in Proposition 2.1 
is compatible with the metric on V given by the standard Hermitian metric 
on 

Remark 2.5. It immediately follows from the second statement of Lemma 
2.2 and the proof of Proposition 2.1 that if form oj vanishes on open U G X, 
then connection V = d + A can be chosen such that ^ = on U. 
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Corollary 2.2. For every a G A {X) there is a trivial vector bundle V 
with connection V such that CS{V,d) = a. 

Proof. For the given a G A°'^'^{X) let 9 G A°'^'^{X x S'^) he such that under 
the inclusion map ig : X ^ X x one has i^(6) = a and ig{@) = for 
all in some neighborhood of 0. Applying Proposition 2.1 to the manifold 
X X and the exact even form —d@, we have 

ch(F, V) - rk(l/) = -{d, + de)e. 

Integrating over 9 from vr to 27r we get 

a = cs(V\ V°) + / e, 

J n 

for connections V*^ = «o(V) and = i^(V) on a trivial bundle V — a 
pullback of the trivial bundle V to X. Finally it follows from Remark 2.5 
that one can choose connection V on V such that io(^) ~ ^- Thus putting 
V = we obtain CS(V, d) = amod(i^°™'^(X). □ 

Remark 2.6. Corollary 2.2 gives somewhat stronger form of Proposition 2.6 
in [SS08b], the so-called "Venice lemma" of J. Simons^. It has been used in 
[SS08b] to prove that one can remove the differential form from the definition 
of the differential ii'-theory given by M. Hopkins and I. Singer [HS05]. 

Remark 2.7. Here is a direct proof of Corollary 2.2 which is close to the 
original argument in [SS08b]. Let 77 be a 1-form on X and let L be a triv- 
ial line bundle with the connection V = d — 2it\/—1i]. It follows from the 
homotopy formula in [SSOSb] that 

CS(V, d) = ex.p{dt + tdij} = V 77 A (driY^^ . 
•^0 i>i 

Thus for the basic 1-form a = fidf2 putting t] = a we get a = CS{V,d). 
Now suppose that the result is valid for all odd forms of degree < 2k — 1, 
and let a = /id/2 A • • • A 4f2fc+2 be a basic form of degree 2k + 1. Putting 
r] = fidf2 H h f2k+idf2k+2 we obtain in A"'^'^{X), 

^) = jkTTy. ^ ^'^'^^^ - ^ = " - 

where is a sum of odd forms of degrees < 2k — 1. By the induction hy- 
pothesis, there is a trivial vector bundle V with the connection V such that 
CS(V, d) = so that Q = CS(V V, d). 

Recall that a flat connection V on a trivial vector bundle F is a connection 
with trivial holonomy around any closed path in X. Equivalently V = = 
d + g-^dg, where g : X ^ GL(r,C), r = rk(F), is a global parallel frame. 
The corresponding structured bundle T = {F, {V}) is called flat. Since any 
two flat connections on a trivial bundle F are gauge equivalent, flat bundles 
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of a fixed rank r correspond to a single point in Struct(X), which following 
[SS08b], we denote by [r]. Also, denote by T{X) a subgroup in A°'^'^{X) 
consisting of CS(V, V') for all trivial bundles F and flat connections V, V 
on F. 

Remark 2.8. According to Lemma 2.3 in [SSOSb], the group T{X) has the 
following description. Let G be the bi-invariant closed odd form on the stable 
general linear group GL(oo) such that the free abelian group generated by 
all distinct products of its components represent the entire cohomology ring 
of GL(oo) over Z. Then 

r{X) = {g*{Q) I for ah smooth g : X ^ GL(oo)}/d^°^^"(X). 

Now following [SSOSb], let 

StructsT(^) = {[V] = [(V^,{V})] G Struct(X) | V is stably trivial} 

be the stably trivial sub-semigroup of Struct(X), and for V G StructsT(-^) 
define 

cs(v) = cs(v^,v e v^) G 

where V (B F = N with trivial bundles F and N, and V^, are flat 
connections on these bundles. According to Proposition 2.4 in [SSOSb], for 
another choice of trivial bundles F and N with flat connections V^, we 
have 

CS(V^, V © V-^) - CS(V^, V © V-^) G T{X), 

so that the mapping CS : Structsxl-'^) ^ A°'^'^{X)/T{X) is a well-defined 
homomorphism of semigroups. 

Remark 2.9. One can choose F = X x C with = d and = d^, 
where g is the isomorphism between V F and N = X x C^, and put 
CS = CS(V©d,(if). 

According to Corollary 2.2 the map CS is surjective, and according to 
Proposition 2.5 in [SSOSb], kerCS = StructsF(^) — the subgroup of stably 
flat structured bundles. By definition, V G StructsT(^) is stably flat, if 

V®F = Af, 

where F = {F, {V^}) and J\f = {N, {V^}) are trivial bundles with equiva- 
lence classes of flat connections. Since map CS is onto and A°'^'^{X)/F{X) 
is a group, for every V G StructsT(^) there is W G StructsT(^) such that 
V© W G StructsF(-'^)- This introduces a group structure on the coset space 
StructsT(^)/StructsF(^)5 and we arrive at the following statement. 

Proposition 2.2. The map CS induces a group isomorphism 

CS : StructsT(^)/StructsF(X) ^ A°'^'^{X)/T{X). 

From this result we immediately obtain Theorem 1.15 in [SSOSb]. 
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Corollary 2.3. Every structured bundle over a compact manifold X has a 
structured inverse: for every V = {V, {V}) G Struct (X) there exists W = 
{W, {V^}) £ Struct(X) such that 

V®W=Af, 

where M = (A^, {V^}) is a trivial bundle with flat connection. 

Proof. For V = {V, {V}) G Struct(X) let U be such that V ®U = F ~ 
trivial bundle over X. Then F = {F, {V©V^}) G StructsxC-'^) for any choice 
of connection on U. By Proposition 2.2, there exists H = {H, {V^}) G 
StructsxC-'^) such that J^© "H G StructsF(X)) i-e., there are trivial bundles 
M and N with flat connections V^^ and V^^ such that F ®%® M = TV. 
Putting 

W = {U ®H®M, {V^ © © V^^}), 
we obtain V © W = TV. □ 

From Corollary 2.3 we immediately obtain, as in [SS08b], that 

• The Grothendieck group K[X) consists of elements [V] — [r]. 

• The element [V] - [r] = if and only if V = (^{V}) is stably flat 
and r = rk(y). 

• The mapping P : StructsT(-'^)/StructsF(-'^) — ^ K{X), defined by 

r([v]) = [V] - [rk(y)], 

gives an isomorphism StructsT(-'^)/StructsF(-^) — ker(5. 

Denoting by i = P o CS" : A'"^'^{X) /T{X) ker(5, we obtain the main 
part of the result in [SS08b] , the following commutative diagram with exact 
rows: 

> A°'^'^{X)/T[X) — ^ k{X) -^-^ K{X) > 



d 



ch 



ch 



> dA'''^'^{X) > H^n'^iX) > 0, 

where Z°^^^{X) is a subspace of closed forms in A'^^°^{X), and the map j is 
an inclusion. 



3. HOLOMORPHIC VECTOR BUNDLES OVER A COMPLEX MANIFOLD 

3.1. Bott-Chern secondary forms. Let {E, h) be a holomorphic Hermit- 
ian vector bundle — a holomorphic vector bundle of rank r over a complex 
manifold X, dun^X = n, with the Hermitian metric h. For a given open 
cover {Ua}a<^A of X, the bundle E can be defined^ in terms of the transi- 
tion functions: holomorphic maps Qap : Ua^Up ^ GL(r, C), satisfying the 



For the convenience of the reader who is not a geometer, here we briefly recall the 
basic definitions (see, e.g., [Wel08]). 
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cocycle condition 

9q/3 9^7970 = I on Uar]Ui3 nu^, 

where / is r x r identity matrix. In terms of the transition functions, a Her- 
mitian metric h on E is the cohection h = {ha}a£A, where ha are positive- 
definite Hermitian r x r matrix- valued functions on Ua, satisfying 

h/S = 9*al3K9alS OU UanUfS, 

and g* stands for the Hermitian conjugation. 

Denote by V the canonical connection on the holomorphic Hermitian bun- 
dle (E, h). In terms of the open cover {Ua}aeA and the transition functions 
it is given by the collection V = {'Va}a£A, 

Va = d + Aa = d + d + Ali° + 

where Aa^ = and Aa^ = h^^dha are r x r matrix-valued (l,0)-forms on 
Ua, satisfying 

= 9a^^aga(S + da^dga^ OU Ua H Up. 

The curvature of the canonical connection V = d + A on holomorphic 
Hermitian vector bundle {E,h) is a collection = {Qa}aGA, where @a = 
dAa are r x r matrix- valued (1, l)-forms on Ua, satisfying 

(3.1) G/3 = g'^QagaP on Ua H C/g. 

The Chern-Weil theory associates to any polynomial $ on GL(r, C), invari- 
ant under conjugation, a collection {^{Qa}a£A which, according to (3.1), 
defines a global differential form <I>(0) on X. The total Chern form c{E,h) 
and the Chern character form ch(£^, h) of a holomorphic Hermitian vector 
bundle {E, h) are special cases of this construction and are defined, respec- 
tively, by 

c{E, h) = det (l + ^ ®)=iZ ^) 

and 

ch(E,/i) = Trexp r^^e") =^chfc(^,/i). 

Since 

n 

ch(E,/i) G^(x,c)n^<=^''°(x,M), ^(x,c) = 0^f'f(x,c), 

the Chern character form is d and d closed. 

Let hi and /12 be two Hermitian metrics on a holomorphic vector bundle E 
over a complex manifold X. In the classic paper [BC65] , Bott and Chern have 
shown that there exist secondary characteristic forms, so-called Bott-Chern 



12 



VAMSI P. PINGALI AND LEON A. TAKHTAJAN 



forms — even differential forms hc{E;hi,h2) £ A{X,C) = A{X,C)/{lmd + 
Imd), satisfying 

(3.2) ch{E,h2) -ch{E,hi) = ddhc{E;hi,h2) 

In 

and the natural functorial property 

(3.3) bc(r (i?), r (/ii), r (/12)) = nhc{E; h^, h2)) 

for holomorphic maps f : Y ^ X of complex manifolds. The proof in [BC65, 
Proposition 3.15] uses the analogue of the homotopy formula in Chern-Weil 
theory. 

Remark 3.1. In the smooth manifold case, using linear homotopy of connec- 
tions Vt, it possible to integrate over t in the homotopy formula in a closed 
form and to obtain explicit formulas for the Chern-Simons forms (see, e.g., 
[SS08b]). However in the complex manifold case for any homotopy of Her- 
mitian metrics, due to the presence of inverses h^^ in 0^, it is not possible 
to integrate over t in the homotopy formula in a closed form and to obtain 
explicit formulas for the Bott-Chern forms in terms of the Hermitian metrics 
hi and /12 only^. 

In [GS86], Gillet and Soule gave another definition of the Bott-Chern 
secondary classes which is also well-suited for short exact sequences of holo- 
morphic vector bundles over X, which are used for defining the iiT-theory 
of X. Namely, let E he a holomorphic vector bundle over X with Hermit- 
ian metrics hi and /12, let 0{1) be the standard holomorphic line bundle 
of degree 1 over the complex projective line P^, and let E = E ^ 0{1) be 
the corresponding vector bundle over X x . If ip : X ^ X x CP^ is the 
natural inclusion map ip (x) = {x,p) then i*p{E) ~ E for ah p £ F^. Let h 
be a Hermitian metric on E such that i^i^h) = hi and i'^{h) = /i2 (such a 
metric is constructed using partition of unity). 

Definition. The Bott-Chern secondary form is defined as 

(3.4) hc{E;hi,h2)= I ch{E,h)log\z\'^ 

— direct image of log\z\'^ch{E,h) under the projection ir : X x F^ ^ X 
(integration over the fibres of vr). The integral is convergent since log |zpa;(2;), 
where oj is any smooth (1, l)-form on F^, is integrable. 

Lemma 3.1 (H. Gillet and C. Soule). The Bott-Chern form hc{E;hi,h2) 
satisfies equations (3.2) and (3.3), and modulo Im9 + Im(9 does not depend 
on the choice of Hermitian metric h. 

^In a separate publication we will show that one can get explicit formulas for Bott- 
Chern forms using some natural coordinates on the space of positive-definite Hermitian 
matrices. 



ON BOTT-CHERN FORMS 



13 



The proof of (3.2) uses Poincare-Lelong formula: 



(99 log l^l 



27r 



(see [GS86, BGS88]), and Lemma 2.1 uses a simplified version of this argu- 
ment. As in the previous section, we put 

BC{E;hi,h2) = hc{E-hi,h2)mod{lmd + lmd). 

Remark 3.2. Note that formula (3.4) the for Bott-Chern forms uses the 
Green's function log \z\'^ of the Laplace operator on P^, whereas formula (2.2) 
for the Chern-Simons form uses the Green's function g{6) of the operator 
d ci 

Remark 3.3. In fact, Gillet and Soule in [GS86] (and with J.-M. Bismut in 
[BGS88]) defined Bott-Chern forms for short exact sequences of holomorphic 
vector bundles over X. Namely, let 

> F — ^ E > H y 

be such an exact sequence, where holomorphic bundles F, E and H are 
equipped with Hermitian metrics hp, He and hn. Put"" F{1) = F (X" 0(1) 
and consider the map [d<^ a : F — )• F{1), where o" is a holomorphic section 
of the bundle 0{1) over with a single zero at oo. Let 

E = {F{1)(BE)/F 

be the quotient bundle over X x F^, where F is mapped diagonally into 
F(l) © by (id (8) cr) © Then under the embedding ip : X ^ X X we 
win have^ il{E) = E and i^(^) = F ® H since E/F ~ H. There exists 
a Hermitian metric h on E such that io(^) — and i*^{h) = hp ® hn, 
and the Bott-Chern secondary form for the exact sequence and Hermitian 
metrics hF,hE,hH is defined by Gillet and Soule [GS86] by the formula 



hc{S'; hp, hp, fiH) = / ch{E,h)log\z\ 



Similar to (3.2), the Bott-Chern forms satisfy the equation 

ch{F®H,hF®hH) -di{E,hE) = ^^^^ ddhc{(^; He, hp, hn), 

ZTT 

are functorial, and vanish when the exact sequence holomorphically splits 
and hE = hF® hn (see [GS86, BGS88]). 



Here and in what follows we use the same notation for bundles over X and their 
puUbacks under the projection tt : X x — >■ X. 

^It is for this construction that it is necessary to twist the bundle F by 0(1). 
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3.2. Chern forms of trivial bundles. We start with the foUowing simple 
linear algebra result. 

Lemma 3.2. Let ai,f3i, i = 1, . . . ,k, be odd elements in some graded com- 
mutative algebra A over C (e.g., the algebra of complex differential forms 
on X), and let A be a k x k matrix with even elements Aij = aiPj, and put 
a = Tr A = X^f^^ Oj/Jj. Then for every A G C, 

A 



yl = / + (A - A^a + 



1 + Aa 

where I is k x k identity matrix, and also 

1 



det(/ - XA) 



1- Xa-\ h 



1 + Xa 

Proof. Consider the following identity 

-^logdet(/- AA) = -TrA{I - XA)-\ 
dX 

whose validity for matrices over C and small A follows from Jordan canonical 
form, and for matrices with even nilpotent entries — from the definition of 
the determinant^. Since A? = —aA, we obtain 



{I-XA)~^ = I + 



X 



l + Xa 



A, 



so that 



d 



logdet(/- AA) 



d 



dX'"" 1 + Aa dX 

Integrating and using detJ = 1, we get the result. 



log(l + Aa). 



□ 



The next result is an explicit computation of the total Chern form of a 
trivial vector bundle with a special non-diagonal Hermitian metric. 



Lemma 3.3. Let Er = X xC^ be a trivial rank r vector bundle over X with 
a Hermitian metric h given by 

/l . 
10. 



h = h{a, fi,..., fr-i) = g*g, where g 



and fi, . . . , fr-i G C°°{X,C), a G C°°(X,] 



1 



\0 

Then 



fi \ 
h 
h 



1 fr-1 

e-/2 



c{Er,h) = c{Ei, e'') + ^ddlog(l 



2tt 



2lT 



U 



In the latter case log and inverse are given, correspondingly by the finite sums 
truncated power series. 
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where U = e-" YL\Z\ dfi A dfi, Ei = det E,. is a trivial line bundle over X , 

2 r — 1 

and for a nilpotent element a of order r, log(l — a) = — (a+ \ + ■ ■ ■ + tut)' 
Equivalently, 

c^{Er,h) = ^dda, Ck{Er,h) = —^(^^^ ddU''-\ k = 2,...,r. 

Proof. Let = d{h'~^dh) be the curvature form associated with the Her- 
mitian metric h. We need to prove that for every A € C, 

det(/ + AG) = 1 + Xdda + \dd\og{l - XU) 
= 1 + Xdda - X-^ — - A'^ 



1-XU (l-AC/)2' 
where 

k=0 ^ ' k=0 

It is convenient to represent the matrix / + AG in the foUowing block form 

^"^^ \ AGsi 1 + Ae22 

where (r — 1) x (r — 1) matrix Qu, (r — l)-vectors @i2, ©21' scalar 
022 are given by 

en = {-d{ne--df,)]l-l^ , 012 = {Bdf, - dim - d{fida)}Zl , 

©21 = {d{e-^dfi)}':zl , 022 = Bda + OF, 

and F = e~'^ Z^[=i fi^fi- The row operations Ri i-^ Ri + JiRr transform the 
matrix / + A0 to the form 

I-XA b 
c d 

where 

A = {e-'^df, A df,y-l^ , b={fi + X{ddfi -BfiAF- Bh A da)y-l , 

and we put c = A02i, d = 1 + A022- 
Now it follows from the representation 

/ - A^ 6A _ / / 6\ // - A^ 

c d) ~ \c{I-XAy^ V\Q 1 

that 

det(I + A0) = det(/ - XA) {d - c{I - XAy^b) 
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which we compute exphcitly using Lemma 3.2. Namely, 

det(I + AG) = ^1 + X{dda + BF) 

- J2 ^d{e-^m A [6ij + ^^^MAM) a (/, + Xiddf, - Bf, A (F + da))\ . 

i,j=l / 

Using equations 

r-l 

BF = -U-BaAF + e-''Yl f.BBfi, 

1=1 

and 

dU = -da AU + '^+, BU = -da AU + 
BdU = -BBa AU + BaA3aAU + 3aA'^^-BaA'^+ + ^, 

where 

r— 1 1 r— 1 

^+ = e^'^^9/iAa9/i, ^_ = e"'^ J^95/iA9/„ $ = e"'^ ^ 95/,A95/i, 

i=l i=l 1=1 

and simphfying, we obtain 

det(I + Ae) = 1 + — \- \ BBa - \^ + XBa A^ + - XBa AU A F + X^ - A F 

1 — xu \ 

- XBa ABa AU + A^-^ ABa- ^ ( - Ba AU A F + A F 

1 — XU V 

+ XBa ABa AU AU + A^_ A '1'+ - A^_ AU AF - A'l'^ AU ABa 

- XBa AU A'^+ + XBa AU AU Af] 



= 1 + ^ (BBa + A(-$ + acj A ^+ - 5(7 A acj A [/ + A 

1 — Xu V 

.BuaBU ,2 "95^^ ,.BuaBU 

Corollary 3.1. T/ie following identities hold 

r 

E chfc(F;>(a, J) 

1=1 l<ii<...<ii_i<r-l 



r -\\ 21^ ) \{r -\)\ 
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for k = 1, . . . ,r, and 



1=1 l<ti<...<ti_i<r— 1 

r+l 



^ Ci{Er, h)Cr{Er, h) = r-^— TT ( ^ ) Bda A 99 C/'^^^ 



(r+l)! " ' " ' (r- l)(r + l)! V 2^ 
where it is understood that h{a, /j^, . . . , = e*^ /or 1 = 1. 

Proof. Replacing the functions fi in the definition of the Hermitian metric 
h{a; /i, . . . , fr-i) by tifi with real tj, we can consider Chern forms Ck{Er, h) 
as polynomials in with coefficients in the commutative ring 

^(X, C) n M). In follows from the explicit formulas in Lemma 

3.3, that these are polynomials in variables ai = tf, which can be con- 
sidered as nilpotent elements of order 2 since the forms dfi A dfi have the 
same property, and that the Chern forms Ck{Ei, h{a; ti^fi^ , • • • , can 
be obtained from the Chern form Ck{Er, h{a;tifi, . . . ,tr-ifr-i) by setting 
tj = for J e J — a complementary subset to I = {ii, . . . , ii-i} in the set 
{l,...,r-l}. 

The Chern character forms are related to the Chern forms by Newton's 
identities 

(-l)*^A;!chfc = -kck + Cfc_ichi - 2!cfe_2ch2 + • • • + {-l)''{k - l)!cichfc_i, 

so that the same relation holds between Chern character forms for the vector 
bundles Ei and Er- Now represent the Chern character form as 

fe-i 

chk{Er, h{a; tifi, ... , t^-i/r-i) = «n • • • 

(=1 \l\=l 

where summation goes over all subsets of {1, . . . , r — 1} of cardinality I, and 
substitute it to the left hand side of the identity we want to prove, with fi 
replaced by tifi. We obtain a sum of monomials, and by the relation between 
the Chern character forms for the bundles Ei and Er, for k < r every term 
is a monomial . . . aii_-^ujj, taken with coefficient 



J 



which follows from the exclusion-inclusion principle. For the case k = r the 
term —Cr{Er, h)/{k — iy. is the only term to survive, and for the case k = r+l 
such term is given by —ci{Er,h)cr{Er,h)/{r + 1)!. □ 

Remark 3.4. For the rank 2 trivial vector bundle E2 with the Hermitian 
metric 

h = H-,f)=() |y+,.) = Q ,°/2)(o J/2)- 
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the main identity in the Corohary 3.1 takes the form 

ch2(i?2,/i(<T,/)) -ch2(i?i,e'^) = --l-ddie-'^df ^^f), 

(2^) 

and can be verified by a straightforward computation^. For the bundels of 
rank 3 and 4 corresponding identities were first verified using special Math- 
ematica package for computing Chern character forms, written by Michael 
Movshev. Based on these results, Michael Movshev [MovlO] was able, with 
the help of Mathematica, to obtain Lemma 3.3. Here we give its complete 
algebraic proof and show that it implies the identities, originally conjectured 
by the second author. 

Remark 3.5. Setting 9 = h~^dh, it is easy to obtain 

Tr{e A 6) = e-^df Adf + e"'"9/ A df. 

To get rid of the second term and to write down the simplest nontrivial 
Bott-Chern form bci(/i, /), where / is a trivial Hermitian metric on E2, we 
need to add the "Wess-Zumino term" (rather its (1, l)-component) to the 
"kinetic term" Tr{6 A 6). Such formula was first obtained by A. Alekseev 
and S. Shatashvili in [AS89], where for the case of Minkowski signature the 
decomposition 

\f/+e-) = (/ 1) (0 e-) (0 1) 
is replaced by the Gauss decomposition for SL(2,C). 

Remark 3.6. The Bott-Chern forms (or rather their exponents) also appear 
quite naturally in supersymmetric quantum field theories as ratios of non- 
chiral partition functions for the higher dimensional analogues of the bc- 
systems [LMNS97]. 

3.3. The main result. The first result is an analogue of Lemma 2.2 for 
complex manifolds. 

Lemma 3.4. Let X be a compact complex manifold. Every u G A'''^{X, C)n 
^•^''(X, M) can be written as a finite linear combination of wedge products 
of real (1, l)-forms of the type ddp and e'^df A df , where p,cr £ 
C°°{X,R) and f G C°°{X,C). Moreover, if uj is zero on open U C X, than 
one can choose these forms such that all functions p, a and f vanish on U. 

Proof. We will follow the proof of Lemma 2.2. Namely, let {Ua}a£A be 
a finite coordinate open cover of X and {pa}a&A be a partition of unity 
subordinate to it, so that co = J2aeA Pa ^\ua- Denoting by 

z^ = x^ + V^y\ . . . , = x" + V^y"" 



'This computation of the second author was the starting point of the paper. 
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local complex coordinates in Ua, we can write 



^\uc = fajjdx"-^ A • • • A dx"-' A dy-'^ A • • • A dy^"" , 
I,J 

where I = {h,.. .,ii}, J = {ji,... ,jrn}, fa,lj G C°°(?7a,M) and I < h < 
• • • < ii ^ n, 1 < ji < • • • < jm ^ n, I + m = 2k. Since the form oj was 
supposed to be of {k,k) type, so are the forms On the other hand, 

the (A;, A;)-component of these forms can be obtained by rewriting them in 
complex coordinates using 

dx* = ^(dz* + dz*), dy' = -^-^={dz'' - dz"-) , i = l,...,n, 

and collecting terms of the type {k,k). If one of such terms has a factor 
dz^ A dz', i,k ^ I, then it necessarily has a factor 

{dz^ Adz^ +dz^ Adz^), 

if it comes from dx^ A dxK Similarly, one has factors {dz^ A dz^ + dz^ A dz"^), 
j, m G J, coming from dy^ A dy"^, and \/—l{dz^ A dP — dz^ A dz^), coming 
from dx^ A dy^ , i £ I and j G J. 

In the first two cases corresponding factors can be written as 

2V^dd{lm{z'f)) and 2^/^dd{lm{z^ z"')), 

whereas in the third case it takes the form 2\/—ldd(Re{z^z^)) for i ^ j, and 
2a/^(99(|z*P) = 2\/^dz'^ A dz"^ for i = j. As in the proof of Lemma 2.2, 
let Ka be a compact set such that supppa ^ Ka C Ua and let ba be the 
corresponding bump function. Then we see that the first three terms will take 
the form 2\/—lddp, where p{z) = lm.{ba{z) z^ z^ ) or p{z) = Ke{ba{z) z^ z^ ) for 
all i 7^ j, and the last term will take the form y/—ldf A df with f{z) = 
bci{z)z^. Noting that every g G C°°(X, M) can be written as g = e"^ — e""^ 
with (Ti,cr2 G C°°(X, R) completes the proof of the first statement. The 
second statement of the lemma is obvious from the construction. □ 

Remark 3.7. One can also derive Lemma 3.4 from Lemma 2.2 by using the 
decomposition d = d + d and noticing that d^ = ^/—liB — d) is obtained 
from the complex structure operator J : TX — )• TX by {d^f){v) = df{Jv), 
and by using similar formulas for higher degree forms. 

Definition. A form co G A''''^{X,C) fl A'^^{X,R) is called a form of pure 
type if it is a wedge product of the forms e'^df A df; if one or more 
factors contain ddp, it is called a composite form. 

We have the following complex manifold analogue of Proposition 2.1. 

Theorem 3.2. For every dd-exact form uj G A{XX) n ^'=''™(X,M) there 
is a trivial vector bundle E over X with two Hermitian metrics hi and /i2 
such that 

di{E,hi) -ch{E,h2) =oj. 
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Proof. Firstly, the statement holds for (1, l)-forms. Namely, since every real 
dd-exact (1, 1) form is given hjLj = Bda, where a £ C°^{X, R), consider 
trivial holomorphic line bundle Ei with the Hermitian metric h = ,so that 

ch(£', h) = exp u = 1 + uj + -w^ H h ^w". 

2 n! 

To get rid of all terms in this expression except uj, consider Hermitian metrics 
gOio-^ z = l,...,n+l, and choose pair-wise distinct ai such that the following 
system of equations 

/0\ 
1 


has an integer solution ci, . . . , c^+i. Namely, for any choice of n + 1 different 
rational numbers the numbers Cj are also rational. If their least common 
denominator is > 1, then for the numbers /3j = Oi/N the corresponding 
solution is integral. Now putting 

{E, /ii) = Ci{Ei,e^n and {E, /12) = 0(-Ci)(Si, e^^'^), 

Ci>0 Ci<0 

where n{L, h) stands for the direct sum of n copies of a line bundle L with 
the Hermitian metrtic h, we get 

ch{E,hi) - ch{E,h2) = uj. 

It is convenient to introduce a virtual Hermitian bundle £ = E — E 
with corresponding Hermitian metrics h\ and /12, and to rewrite the above 
equation as ch£ = uj. We observe that the thus defined Chern character 
form for virtual Hermitian bundles is multiplicative: if Wi = W\ — Wi with 
Hermitian metrics hn and /ii2, and W2 = W2 — W2 with Hermitian metrics 
/121 and /122, then 

chWichW2 = chW, 

where W = W — W and W = {Wi (g) 1^2) © (Wi (g) W2) with corresponding 
Hermitian metrics 

hi = {hn (g) h2i) ® {hi2 1^ h22) and /12 = (/in (8) /122) © (/'-12 ® /i2i)- 

Slightly abusing notations, we will write W = Wi © W2. 

Secondly, it is sufficient to prove the statement for the forms of pure type 
only. Indeed, suppose that it holds for pure forms, and let uj he a composite 
form of the type 

UJ = (-^——\ Bdpi A • • • A Bdpi A r], 



/I 1 



On 



1 



«! 02 as 



af 



On 



a:. 



1 \ / ci \ 

C2 



2 



a 



n+l 



C3 



\Cn+lJ 
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where 77 is a pure form. Since 



ddpi = ch Wj, j = 1, . . . , and ?? = ch J^, 

we obtain = ch<5, where £ = Wi (8) • • • (8) J^. 

Finahy, let a; be a pure form of degree {k,k), k > 1, given by 

^ = ^ dd (e('=-i)-a/i A a/i A • • • A A . 

It follows from Corollary 3.1 that 

(3.5) w = chfeJ^fc and chjj^fc = 0, i = l,...,k — l, 

where Fk = Fk — Fk and 

k 



;=i ^ ^ 

=eKi-(-iy)(':^)^^ 



«=i 

with Hermitian metrics 

k 

hik = ®W + (-1)') /n , • • • , A- J 

«=1 l<il<...<i;_i<fc-l 
A: 

h2k = ®W- (-1)0 /i(^, /n , . . . , A.J 

«=1 l<ii<...<'ii_i<fc-l 

for k > 2, whereas F2 = E2 = Ei (B Ei and hu = h{a,f),h22 = e*^ 1. 
Now we can finish the proof by using "Gaussian elimination" starting with 
chfc+i/Tj. Namely, according to the second identity in Corollary 3.1, 

-chfc+i = ^^^i Bdp A u 
Zn 

with real p, so that introducing 7ik+i = Fk © (W (8) F^) we get 

= chfe^fc+i and chi^fe_|_i =0, i = 1, . . . , /c — 1, A; + 1. 

Next, consider — chfc+2'Wfc+i and represent its pure component by chk+2Fk+2, 
and its composite components by the Chern character forms of the tensor 
products of virtual bundles Wi (8 • • • (8 (8> Fk+2-l- Taking the direct sum 
of these virtual Hermitian bundles with Hk+i, we get a virtual Hermitian 
bundle 7ik+2 satisfying 

to = ch.k'Hk+2 and chiT-lk^2 = 0, i = 1, . . . , k — 1, k + 1, k + 2. 

Repeating this process, we obtain the result. □ 
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Remark 3.8. It immediately follows from the second statement of Lemma 
3.4 and the proof of Theorem 3.2, that if form u vanishes on open U C X, 
then Hermitian metrics hi and /i2 can be chosen such that hi = h2 = I — 
identity matrix — on U . 

Corollary 3.3. For every uj G A{X,C) r\ A^^'^^{X^M.) of degree not greater 
than 2n — 2, there is a trivial vector bundle E over X with two Hermitian 
metrics hi and /i2 such that in A{X, C) 

BC(^;/ii,/i2) = w. 

Proof. It is analogous to the proof of Corollary 2.2. Namely, let $7 G A{X x 
PSC) n X pi,M) be such that under the inclusion map ip : X ^ 

X xF^ one has i^(f^) = — w and io(^7) = in some neighborhood of in 
P^. It follows from Theorem 3.2 that there is a trivial vector bundle E over 
X X with two Hermitian metrics hi and h2 such that 

ddn = ch{E, hi) - ch{E, 112), 



2tt 

where the metrics hi and 1x2 can be chosen such that i*Q(hi) = ^0(^2) = I- 
Denoting by E' a trivial vector bundle over X — a pullback E — and 
putting hi = i^{hi), /12 = i^(/i2), we obtain, modulo Imd + Imd, 

hc{E;I,hi) -hc{E;I,h2) = [ ^^ddniog\z 

Jpi 2tt 

d^d^n\og\z 



2 



2tx 



- ^dzdz log |zp 
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= C(0)-i*(0) 

= —UJ. 

Therefore in ^(X, C), 

w = -BC(£;; /, /ii) + BC(£;; /, /i2) = BC(^; hiM)- □ 

3.4. Application to differential A'-theory. Recall that according to the 
definition of differential ET-theory in [GS86], the -ftT-group Kq{X) for complex 
manifold X is defined as the free abelian group generated by the triples 
{E,h,r]), where is a holomorphic vector bundle over X with Hermitian 
metric h and r] G A(X, C) with the following relations. For every exact 
sequence 

> F — '—^ E > H > 

of holomorphic vector bundles over X, endowed with arbitrary Hermitian 
metrics hF,hE and hn, impose 

(3.6) (F, hp, v') + {H, hH,v") = {E, hE,v' + ^" " BC(<f , hp, hp, hn)), 



ON BOTT-CHERN FORMS 



23 



where BC((f , /i^, /li?, /ij^) = bc((f , /i^;, /li?, /i//) mod (Im 9 + Im 5) (see Re- 
mark 3.3). It follows from (3.6) that in Kq{X) 

(3.7) iE,h,r]i) = {E,h2,V2-BC{E,hi,h2)). 

Now following [SS08b], we define two Hermitian metrics hi and /12 on the 
holomorphic vector bundle E to be equivalent, if BC(£', hi, /i2) = 0, and de- 
fine a structured holomorphic Hermitian vector bundle f as a pair {E, {h}), 
where {h} is the equivalence class of a Hermitian metric h. Our goal is to 
impose a relations on a free abelian group generated by £ such the resulting 
group HKo(X) is isomorphic to the "reduced" differential ii'-theory group 
Kq'^{X), a subgroup of Ko{X) with forms r] of degrees not greater than 
2n - 2. 

First we observe that it follows from (3.7) that the mapping 

(3.8) £ = {E, {h}) ^ e{£) = {E, h, 0) G Ko'^iX) 

is well-defined. Next we show that when extended to to the free abelian group 
generated by the structured holomorphic Hermitian bundles, this mapping 
is onto. Indeed, for every r] G A{X,C) D A°^^^{X,M) of degree not greater 
than 2n — 2, let F be the trivial vector bundle over X with two Hermitian 
metrics hi and /i2 such that, according to Corollary 3.3, 

iF,hi,rj) = (F,/i2,0). 

in Kq{X). Since 

{E®F,h®hi,7]) = {E,h,0) + {F,hi,rj) 
= {E,h,7]) + iF,hi,0), 

we obtain 

{E,h,r,) = {E,h,0) + {F,h2,0)-{F,hi,0). 

Finally, we define the group HKq(X) as the quotient of the free abelian 
group generated by £ modulo the relations — pullbacks of the defining 
relations for Kq^{X) by the mapping e. Explicitly, for every exact sequence 
S" of holomorphic vector bundles over X with Hermitian metrics hp,hE and 
hn satisfying BC((f ; hp, hp, hn) = 0, we impose 

{F,{hF}) + {H,{hH}) = {E,{hE}). 
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